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PREFACE 


By producing this book the authors do not mean to 
swarm the number of Algebra books for the Intermediate 
Students, but their aim is to place the subject before the 
desiring student in a becomirg manner and natural order. 

In this book the student will find a separate chapter on 
the Simultaneous Quadratic Equations. These equations, 
although a requirement of the day, are not dealt with, so 
for, in other books on the subject. Here a sufficiently 
thorough study of these equations is given. 

Partial Fractions are treated in their various aspects 
earlier than usually is done. A knowledge of these 
fractions is required to sum certain type of Series. So 
they are discussed before the Series. Special care is paid 
to the fact that the general theory of the Partial Fractions 
is not required by the Intermediate Student. 

At the end of each topic a set of miscellaneous 
questions is given wherein are included more difficult 
problems for the curious student to advance his knowledge. 
To these questions, in some cases, hints for solution are 

appended. 

Sfficient pains have been taken to free the book 
from mistakes and mis-prints. But the authors are 
human, as are the publishers. If, therefore, the teachers 
point out any mistakes and mis-prints or suggest any 
improvements, the authors will (eel indebted. 

In the end the authors thank Mr. M. Abdullah who 
helped much in proof-reading. 


The Authors . 



CONTENTS 


Chapter 



Quadratic Equations 
Theory of Quadratic Equations 
III. Simultaneous Quadratic Equations 
Miscellaneous Questions I 
•^^^^Partial Fractions 

Arithmetical Progressions 
Geometrical Progressions 

J^nr Harmonic Progressions 

Some other Series 

Miscellaneous Questions II 

Permutations and Combinations 

inomial Theorem 

Positive Integral Index 

# 

Binomial Theorem 
Any Index 

Miscellaneous Questions III 
Miscellaneous Exercise 
Punjab University Papers 



Answers 


Page. 

1 

19 

33 

... 49 

53 

63 

78 

90 

99 

... 110 
... 114 

... 138 

... 151 

... 163 

... 166 
... 172 

... 183 





Gulabsons' 


Intermediate Algebra 

CHAPTER I. 

Quadratic Equations. 

1. Definition. A n equation which when sim¬ 
plified to a rational integral form contains terms 
involving an unknown quantity upto the second degree.* 
only is called a quadratic equation , or equation of the 
second degree. 

For example 

2* 2 4-5*-2 = 0 ; 9* 2 —4 = 0 ; 3* 2 4-4 = 0 ; 

2x + ~ 4-1=0 : x- *4-2 = 0 ; x z + 2abx = b l + 2ab 1 

X 

are all quadratic equations. 

Here x is the unknown quantity ; the digits and the 
letters a , b are the known quantities. Generally the 
unknown quantity is denoted by one of the letters x, y, z ; 
and the known quantities are the digits and the letters 
a , b , c,... 

In an equation the unknown quantity is caller! a 
variable and the known quantity, a constant . The digits 

1, 2, 3.are called arithmetical constants ; and the 

letters a y b, c, . algebraical constants. 

2. Solution of Quadratic Equation. The values of 
the variable for which an equation is satisfied are called . 
the roots of that equation. These roots can always be ^ 
expressed in terms of the constants ocouring in the 




o 


equation. The process of finding the root?; is called 
solving the equation. 

J he equation cix 2 + bx + c = 0 >ve shall always take as 
the standard from of a quadratic equation. Clearly this 
will he a quadratic equation when 0. 

There are two methods of solving a quadratic 
equation. 


3. First Method Factor Method, We know that 
(lx + m){.\ -h n) = lx- + (/;/ + /;/ ).v 4- m n . 

z \ f we can express ax~ + bx + c in the form of 
/r+l»i + /;/).v + );/;/, then the equation ax 2 + hx + c = 0 is 
at once solved. For, then 


ftx- + bx + c = lx 2 4- ini 4 - In)x 4- nm 

= (lx 4- //i)(a*4-;i) = 0. 

Now the product of two factors being zero, 

them may be zero. If lx + tn = 0, then ,r= —— ; 

.r4-;/ = 0, then .v- — n. 
r ru ni 

1 nus r> ~ u are the two values of ,r. 


ekher of 
and if 


Ex. I. Solve 2x~ 4- x — 6 — 0. 

Here 2.r 2 4-.r - 6 = 2.r“4- ( - 3 4-4)* - 6 

~ (2.r— 3)(.v 4- 2). 

I hus the given equation is the same as 

(2x — 3)(x 4- 2) = 0. 

Now if 2.v — 3 — 0, then *=-*-; 
and if a: 4“ 2 = 0, then x = —2. 

Hence the two values of x are —2. 

Note. If we substitute either of these roots 
given equation, we see that it is satisfied. Thus 
verify our solution. 


in the 
we can 


I 

l 

V 

% 


Ex. 2. Solve .v 2 4- 5x— 14 = 0. 

The given equation is the same as 
.r 2 4-(7 — 2)x — 14 = 0 
or (.v4-7)U'-2) = 0 

a- 4- 7 = 0 or x -2=0 
11 enre .v= — 7 or 2. 
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(t 


Ex. 3. Solve " .+ ' = a + h. 

(IX — 1 bx — 1 


FP. IT. 19221 


or 


g we set 1-• b ) + ( 

a + b — abx .a + b — abx _ n 
ax- 1 bx ~ 1 “ 


or (a +b — abx 


>r 1 , 

I«.r — 1 


+ . 1 . 1 = 0 . 

bx — 1 


either a+b — abx = 0, whence x= 

ab 


= j + J 

a b 


i 


1 i bx— \+ax—\_ n 

or -, Tv — 0, whence ( — 777 T —^ — .0 

1 6.r—1 wi* — l)(6.r — l) | 

or (« + 6).r —2 = 0 

' _ 2 

r X a + b' 

TT 1,12 

Hence the two roots are-r — “, ~r . • 

a b a + b 

4. Second Method. Completing the Square. Since 
all expressions of the second degree are not always easy 
to factorize, we shall solve the standard equation in the 
general form. 

The equation ax z + bx + c — 0, 

on division by a , which is not zero, and on transposition be¬ 
comes 


■ 2 + 


b c 

—x =- 

a a 


or x 


or 


( 


+ (i) 

,+ 4 y 

2a) 


b 2 — 4 ac 

4<? 


Taking the square root of both sides, we have 


4 / 


4 



0 

, b j_V b* — 4ac 

• T + 2a = ± —2T 


x — 


— 6 i j/ 6" ~ 4ac 
' 2a 


( 1 ) 


Aote. As the constants a, c, may have any numerical 
values, we can say that we have soived the quadratic equation in the 
most general form. The solution of any particular equation can be 
obtained bv substituting the numerical values of a, b, c from the given 
equation in the formula (1). 

Ex. 1. Solve 2x 2 — x — 6 — 0. 

U) By completing the square : 

Dividing by 2, the given equation is 
* ^ A -2 — J,v — 5 = 0 

or at— ?AT + (i) 2 = 34-(J) 2 , on completing the square 

or (x-}) 2 =U 

or U--.}) 2 =U -) 2 

raking the square root, we have x — i—ij 

Hence, a- = 2 and —4. 

(;'/) By making use of the formula (1) 

Here we see that a — 2, b= — 1, c= — 6. 

Substituting these values in —we get 


2a 





• • 


a- =2 or — H 


^ L±7 
4 '4 

TV. 


• • 


Ex. 2. Solve • v ±! + - v + 1 = 

.r - 3 .r - 2 

The equation is the same as 

3 _ 
x 2 


4. 


(' 

+ AM- + 

f 

5 , ? 

nr 

.. < + 2 
5(.r-2) + 3(.r-3i 

or 

(.v —3 )(at —2) 2 

or 

8.r-]9=2(.r-3)f.r- 

or 

2a: 2 — 18.r + 31 = 0. 

Here. 

<i=2, * = -18, c = 31. 

• 

• • 

• _ 18± V18 2 - 248 _ 

. 4 



4 



5 


y 


1S±2V19 9 ± Vi9 

4 2 

9+V'iy 9-Viy 

l bus x= ■ or — y 

Ex. 3. Solve <f(*"4- 1) = *(«r + 4). 
T ransposing, ax 2 — ( a~ 4- 4 )* + a = 0. 
Here a —a. b = — (<7~ + 4), c = n 

fa" + 4) ± \/(a 4-4 )“ — 4<* J 


(P. U. 1926) 


A* — 


Zd 


_(<7' H-4)rb V 4a 2 4* 16 ^/ 

“ 2a 

Hence the two roots of * are 

fi 2 -r 4+ V<^ 4 4- 4-4<7"4- 16 


2 a 


and 


a 2 4- 4 — Va 4 + 4rt“+ 16 

2 a 


X9. 

11 


Exercise I. 

Solve by factors the following equations ;— 

1. 3* 2 -16*4-5 = 0. 2. * 2 7 12*4-35-0. 

3. * 2 4- 3*— 28 = 0. 4 6* 2 4-5* — 6 = 0. 

5. 49* 2 -21*-10 = 0. 6. * 2 -4*-165 = 0. 

7. 8* 4 — 17* — 21 = 0. 8.*- 9* 2 - 19*4-2 = 0. 

9 . - 1 --— = 2 . 10 . x 2 — 2px — 1 = —p 2 . 


x — b x — a 
x 2 — 10<?*4-21rr 2 = 0. 


yrl 2. acx 2 — £ 4-6)4-c(6 4-c) J* 4-(<? 4-&)(6 4-c) = 0. _ 

Solve by formula the following equation :— 

13. * 2 — 20*4* 51 =0. 14. x 2 — 2* —4 = 0. 

X 15 . * 2 — 2rr* 4 - <* 2 — 2 = 0. l^/c(r+l)=A-(c 2 +l);’ 

17 . — L_ + 1 ■= 9 • .'< 18 . .r+— = 3-1 . V 


_L_.+ 1 

8 4- * 5 — * 


13 

42 


, 1 - 1 
* 4-— 3 ~ 

* 3 


(P. U. 1934) 


y ^t9. 

20 . 


* 4- 3 


*4-3 


13 

6 




V y* ’ 


6 


21 . 

22 . 

23. 

24. 

26. 

28. 

29. 

30. 

31. 

32. 

33. 


x±2 2 _ a4- 3 

.r — 1 3 a: — 2 

a_+2_ 1 = 

a:- 3 A-'l 


y 


7 


(P. U. 1934) 


> o 


1 


1 


•V — #;/ + / a: — w — / 

AT —4 _ A" — 2 _ 2 

A* —6 -V —21 A 4- i 3 


_ 21 


/ 

*% 




25. /a4- 


tir — u 


Lx 


= 2w. 


V a 2 — 2a — 2 = 3. 


V(c+1)aT 2{b +ac)x -\~u 2 = b — x. 
V2_+a 2 4- V2—a 2 _ V24-1 

V 2 4-a 2 -V2 — a 2 — ^2—1 * 

1 .1 i 


27. V 5a 2 — 1 4a 4- 10 = a — 3. 


V 7 1 A" 4“ 1 

A —ft ft 

a a 


4- 


\ 7 1 + a — 1 

<7 _ A a 
b X — ft 


A" 


(« 4- a) 3 - (a - X ) 5 = ( a 2 - a 2 / 0 . 


A = 


3- 


/ * 


34 


A = 


2 

3-a 


6 - 


* 5 
t> — - - 

D —A 


35. Ihe height ft at any time t t of a body thrown 
upwards w;th the velocity is given by the" formula 

U b nH‘thpV- 4 ? f SeC ° nd and tHe Va,Ue Of 
\ 32, . h f d V m f when the body is at a height of 24 ft 

Account for the double time. ^ c * 

36 . ' A r a ' Kht l ,' ne 6 inches in ,en Kth is divided into 
two parts such that the square on one part equals the 

product o the whole line and the other part. Find he 
answer” ^ What ' S ' he reas °" for the double 

its reoprocahTnd" decreased * ^ 15 — 1 “> 20 tunes 




5. Imaginary Quantities. The qauntities dealt 
with so far are such as can be measured out. For instance, 
there is no exact arithmetical expression giving the values 
of the numbers like v^3, V -3, \ 7, etc. \ et the same 
can be geometrically represented by straight 

lines. Similarly a quantity like - v'4 can be indi¬ 
cated by a straight line. Such like quantities are real 
quantities and are the result of solving the quadratic 
equation x 2 = a, a being a positive number, which gives for 
.v two roots 

Now the corresponding equation x~=~a, a being 
positive, will give two rootsjt V ~a. These roots suggest 
the quantity of the type V — 5. Arithmetically the quanti¬ 
ty V- - 5 is meaningless, for it is the quantity which when 
squared gives us —5, and there is no arithmetical process 
to obtain such a quantity. Also, geometrically we cannot 
represent V “5 by a straight line as we can represent the 

correspending number \/5. Again, negative numbers have 
algebraical significance only ; their square roots cannot 
be interpieted arithmetically. Such quantities are. therefore, 

called imaginary quantities. 

We shall assume that imaginary numbers obey the 

fundamental laws of algebra. ' 

As j~IT a = V{ — \)a= VaX V — 1, it is evident that 
every imaginary quantiryjs the product of two factors 
of which onejsalways V~1 and _ the other is real. 
The factor V — 1 is often denoted by t. Thus the presence 
of i with any quantity as ajactor means that the quantity 
is imaginary. So 5 i, iV 3, Via, ~iVb are all imaginary 

t 


qUar, The S power S of i can be easily_established. . For 

i = V -1 





By the help of these four powers of i, any other 
power of * can easily be determined. For instance, 
j 54 = i 52 -t 2 = (i*) 13 -i 2 =i 2 = —1, and i — (t ) — 1 


6. Definitions. 1 he algebraic sum of a real and an 
imaginary quantity is called a complex quantity . For ex¬ 
ample 5 + i v 3, 2 — j, a~\~ib, p — ixq are all complex 
quantities. 

When in any two complex quantities, the imaginary 
parts differ in sign only the complex quantities are said 
to be con/iigatc. Thus a~\~ib and a ib are conjugate 
quantities. 


The numbers of the type 


•* uuuiutio ui me lyuc ciuu —• nrf —* • 

r •) 9 4 auu 2 » 

a’ ; m and m are calIed the reciprocal numbers. 


The 


reciprocal of zero is infinity (co). As any multiple of 


zero, is zero so any multiple of oo j s infinity. Thus -- 
= !6X -J-, ’ 0 b is co ; and ~=mX 


m . 


is oo. For 


further discussion on zero and infinity, see appendix. 

7. We shail now B ive some properties of complex 
quantities. F CA 


I. If a + i'6 = 0, then a = () and 6 = 0. 

For, <7 4-*6 = 0 

» a = — ib 

a~=-b J 

<r + 6 2 = 0. r “ 

Now the sum of two positive quantities cannot 
ero unless each is zero. Hence a = 0 and 6=0. 

II. If a+ib=c + i t l, then a = c and b = d. 

For, a -W6 = c id 

a—c = i{d — b) 

[a — cY~ —(d — bY 
(a — c) 2 -¥{d— 6) 2 =0. 

Whence, we have as before a — c = 0, d-6 = 0 
Hence a = c, and d~b. 

Cor. If a + ib = c + id, then 


be 


a ib-c-id. 


y 


III. The sum and dillerence of two complex quanti¬ 
ties are complex. 

For, < u 4- ib) 4- (c + id) = (a + c) 4 i{b 4-r/) 
and {a 4- ib) -(c4»rf) = («“c)4/(6-rf). 

IV. The product and quotient of two complex quanti¬ 
ties are complex. 

For, («4- i7>)(c4 id') — tfc4~ /Vir/4- ibc~\ rbd 

— {ac — bii) 4 i(ad 4 6c) ; 

a -4- ih (a 4- ibVi — id) _ (ac 4 + *(&c — ad) 

' c“ T d~ 


and 


c 4 / d (c 4- id){ c — id ) 


ac-\~bd . .be —ad . 
4 i 


c' + d 1 ' 1 c- + ^ 

Cor. The product of two conjugate complex quanti¬ 
ties is always real. 

8. To find the cube-roots of unity. 

Suppose that a: is a value of (1) 4 - Then x — ( 1 ) 3 » 
a: 3 — 1 . 

or a- 3 — 1 = 0, or U“l)(r4.r41)-0, 1 ' 
whence, either a= 1, or .r 2 + .r+l^_0 « 

-1-tv' l-t_-l±M 3 

2 2 * 

The cube roots <#>unity,,therefore, are , 

, — l + iv'3 ^ , — 1 — / V3 V 1 . . . 

iv. . J> ' 2 ,and 2 ' 

9. Properties of the imaginary cube-roots of unity. 
I. One imaginary cube root is the square of the 

other imaginary cube root. 

(-14tV3 j 2 = 1-3-2; 43__ - 1 - ? V3 

4 2 


i • 


A' = 1 or .v — 

'V 


For, 


( 2 

Thus if one is denoted by xc*, the other will be u'~. 

II. The sum of the two imaginary cube roots of 
unity is — 1. . . . . _ o 

For, w> +w- " 2 ^ 2 2 

Thus we get the very important relation tcT + u> + l = 0. ^ 
HI. The two imaginary cube roots are reciprocals 
of each other.* 


10 


For, — = 


2(-l-t i/3) 


TO 


Cor. to 3 = 


-l+/'v'3 ( — 1+i V'3)f — 1 -tV3J 

= 2(-1-iV3)__-1-iV3 
1+3 2 

1. 


■I 




Solved Examples 



Ex. 1. Show that 

(1 + 2w + iv 2 ){ 1 4- w + 2w 2 ) = 1. 

L. H. S.— 1 + To + 2io ! 4-2To + 2xcr+4To 5 + to 2 + To 3 +2To* 

= 1 + 3w + 5«’ 2 + 5 + 2xo, (since = wu> 3 = w) 
= 1+3(1 +w + to“) 

— l, 1 + w + icr being equal to zero. 

Ex. 2. Prove that 

( *v ’ + 3 ’ 3 ) = ( a* + v rj(.v + wy)(x + w 2 y) 

K. JI. S. — (at + wxy -f xy + icy 2 )(x + w z y\ 

= x J + tox 2 y + x l y + wxy 2 + w 2 ^* 2 + w l xy z 

+w 2 .i'j 2 +z£>y 

= * v " + - v >( 1 + u>+ wc) + xy 2 { 1 + w + W 2 ) + y 

J Ex. 3. Find the square root of — 3 + 4*. J 

Pet \/ — 3 -h 4t = x + 3 ? i 
Squaring both sides, we get 

~ 3 + 4 / = .v 2 — y 2 4" 2xyi, * 
whence, .v — y*=—3 . (f) 

*vj’=2 . (ii) 

Bv tnalwe see that x = l, y = 2 satisfies the equa 
tions (/j and (n) 

The required square root is 1 + 2/. 

EXERCISE II 

Show that :— V 

4 . ‘if;--, 


4 — 5* 
l — hn l 2 — m 2 


l + im l 2 + m l t l z -f 


21m 


m 


5 
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Express the following in the form A 4TB : — 


6 

(9 — 2/)(2 4- 9/). . 7. 

(a 4-i b)(b 4-ia). 

v 8. 

2 4-31 q 

3 4-2/* 

1 

1-/ * 

10. 

34-2i,44-3/ M1 

P 4 /(7 p — i<i 

3 4-4/3 — 4/ llm 

p — iq p + iq 

12. 

, . 2 4-3/'4-4/' 2 

bhow tliat 2 - 3/ + 4r 

_____ 5 .12 

13 ‘ 13 ' 


Prove that 

13. a 2 *4" 1 = (a 4- i){a — /). 

14. ,v“ 4- 9 = (x +1*3)(a* - 1 3). 

15. a' 2 + y 2 = (a* 4- i y){x — i y ) = (i x + y)( “ ix 4- y). 

16. 25 = (44T3)(4-/3). 

17 Show that ± i and ±1 are all the roots of the 
equation a' 4 —1=0. 


If xv and xv 2 are the imaginary cube roots of unity, 
show that 



(l + xoH 1 4- xv 2 ) = 1. 

(l — xt»)(l — xc* 2 ) = 3. 

(1 4-ro— xt’ 2 )( 1 — xv 4~ w) = 4. 

(l “w4- w 2 Y = —* 8. 

(1 — w)i\ — xc’ 2 )(l — xv )0. 
xc» ir> + x«y 8 4- xv 2 -xv 4 0. 

Show that the imaginary roots of the equation 
0 are — xv and — xv~. 





Prove that :— 

a 2 4- x y 4- y 2 = (.v — xcy)(x — xv~y ). 

6. a 3 4- b i = (a -hb)(ti 4- xvb)(a 4- xv~b). 

Find the square root of :— 

v' 27. -54-12*. s/ 28. 9-*40.. 

- y/ 29. *. 30. -4i. 

Factorise :— 

r. 31. x A + y 2 . 32. x 2 4“ 4. 

33. Show that a' '4- 1 = (a 4- l)(x + xv)(x + xv 2 ). 

10. Equations reducible to the Quadratic Form :— 

There are many types of equations which can be 
solved by reducing them to'the quadratic equations. 




Ex. 1. Solve 3.v 4 + 4 at — 4 = 0 . 

Instead of x if we consider as the variable, then 
the equation is a quadratic in x *. Thus 

v 2 _ — + ± Vl 6 + 48_ — 4±8_ ^ 2 

6 ~b_ ~ 2 or T • 

x---2 gives x=±iV 2, and x 2 =§ gives 

x=±V s. 

, Put x~ = y t Then the given equation becomes 
33 >“T 4y — 4 = 0, etc. 

Ex. 2. Solve * 6 — I9.t 3 — 216 = 0. 

Here consider the equation as a quadratic in x \ Then 

3 _19± /361+864 19 + 35 _ 

x ~ - 2 -—2— = 27 ° r ~ 8 * 

When x i = 27, we get x=3, 3 a;, 3 to 2 ; 

and when x l = - 8, we get x =—2, ~2 w, -2 icf. 

Or Put * J = ;y and proceed. 

Ex. 3. Solve for x the equation. 


i+f-^Cr-O" 3 ' 0 - 


Instead of x, here consider the fraction as 

x + 3 

variable. Then from the given equation 

-v - 2 __ 28_ 

.v + 3 a: — 2 
v + 3 


the 


-3 = 0 


or 


( 


x-2 
x-h 3 


-3 


’x-2 
* + 3 


)- 


28 = 0. 


It is a quadratic equation in ’—t~- 

x + 3 


Thus 


*-2__3± 9 + 1 12__ 

.r + 3“ 2 - 7 °r -4. 

-v — 2 


we 


When y + 3 = 7. we get , and when — 

get x — — 2 . 


4 



Or Put 1 —- = v, then the equation becomes 

.V T 5 

v — 28 1 -3 = 0, etc. 

Ex. 4. Solve 2^-3.2 x + : +32 = 0. 

The given equation is 2“ x — 3.2 X .2“ + 32— 0 

nr (3')" — 12.2*+ 32 = 0. 

It is.a quadratic equation in 2 X . Thus 


— 1 2± v 7 144 — 123_ 12± + = ^ or 4 




— x 7 

When 2* = 8=2 3 , we get x = 3 ; and when 2=4- = 2-, 
we get a* = 2 . 

WVl Ex. 5. Solve (,v + 3)(.v + 4)(.r + 5)(.r + 6) = 13. 

The equation is (.t + 3)'+ + 6)6t + 4)(.r + 5) = 157 

or (.v“ + 9.t + 18)(* 2 + 9.r + 20) = 1 3 

Put .r* + 9.v+ 18 = 3 ’, then i<y+2)_=15 

or 3 ?“ + 23 ’— 13 = 6 whence y = 3 or —5. 

When v = 3, we have .y 2 + 9 .v +18=3 or .v : 4 9.r + 1 5 = 0 

. . — 9± v r 21 

giving -t=- - . 

M 

When y = — 5, we have or + 9.v + 1*8 = — 5 _ 


or .r 2 T 9.r + 2 3 = 0 giving x — 


— 9 ± V “ 11 // 


Thus the roots are 


-9f v 21 


-9± s' 
) 


1 1 


v> 

‘ 


Ex. 6. Solve 3.r 2 — Vlx 2, + 2x — 1 = 7 — 2x. 
Re-arranging the terms, 3 at 2 + 2a:—1 — v 3.r" + 2.r—1 6. 

Put V 3x~-h2x— 1 = y, then the equation becomes 

y 2 — ^ —6 = 0, giving v= 3 or —2. 

W hen y= 3, we have V3 a' 2 + 2.v — 1 = 3 

3a: 2 + 2a: —1=9. 

3a: 2 + 2a: — 10 = 0 ; 


or 

or 


-2± V f + +*120 == -1± v 31 . 
whence x — ^ 3 9 

and when y— — 2, we have v' 3 at 2 + 2.r — 1 — — 2 
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or 3 at 4* 2.v — 1 =4 or 3.r + 2.v - 5 = 0 ; 

whence , v= " 2±' / + + 6° = - 2±8 = - 5 

b 6 3 '• 

& - 

Bv actual substitution we see that .v = ~~ * * 

satisfy the given equation, while ,r=l, and - y do not. 


Hence the roots are 


1± V 31 
3 




) 








Xntr. It may be remarked that 1, - 2- ar0 the mots of 
•Xr’-f- \ / - 1=7 - J.r. 

Ex. 7. Solve V3S-2X + 9+ V'3x'--2x-* = 13: 

Since for all values of x, we have ^ ,, 

l3.r -2x + 9)~ (3at - 2x - 4)= l\, .U)„ > . •. 

We get cn dividing (l) by the given equation 

\/3.v“-2.v4-9~ V3r-2.r- 4=l.(2) 

Now adding the given equation to (2), we get 

v' 3.v“ — 2x 4- 9 = 7 
or 3 a: 2 — 2.r + 9 = 49 

or 3 at —2a; —40 = 0, whence x= — 3 3 ? or 4. 

Ex. 8. Solve 4a: 4 — 16.v 3 4-23a: 2 — 16a:4-4 = 0. 

Re-arranging the terms, 4 (a2 4- 1) - 1 6x{x z + l) + 23x 2 =Q. 

Dividing by V, 4^r + ^- 16^ x+ ' W 23 =0 


or 


\ -/ \ r/ 

4 { -16(.r+J-) + 2 3 = 0 


or 


"(' + ;) =_I6 ( + I) 


+ 15 = 0 


(l; 


In this equation consider a: 4- *- as the variable. 

X 


Then ,v+ 1 = 16± ' /16_ 16X 15 = 5 

a: 8 ') or 

*—* 

When ,r4- - = -- , we get 2a: 2 - 5.r 4-2 = 0, 


3 

2 





and 


when .r + 1 = , we set 2.v —3.v + 2—0 

x 


x = 


3 ± i \ 
4 


Hence the roots are 2, 


1 


1 


3±i \ 
4 


Or In (1) put a*+ r ~3’» then it becomes — - j 

4 y 2 — 1 6y + 15 = 0, etc. 

Note l. Notice that in the last example the coefficients of 
terms equidistant from the beginning and end are equal in magni¬ 
tude. Such like equations are called reciprocal equalio/ts. They 
are so called because a reciprocal equation remains unaltered if 

—- is substituted for j\ The equidistant terms may be (i) equal 
JC 

or (ii) opposite in sign. Tho equations belonging to the latter class 
may b3 solved in a similar manner. 

In a reciprocal equation of the even degree belonging to cias 3 

(it), the middle term rou3t be wanting_r= ± 1 will be seen to bo its 
two rcots. If, however, the middle term b- not absent, the roots will 
occur in pairs, each pair boing reciprocals of each other but of opposite 
sign. 

Note 2. In reciprocal equations of tbe odd degree, if the 
equidistant coefficients are equal, x= — 1 is a root and if the equidis¬ 
tant coefficients are equal iu magnitude but opposite in feign, x=i 
is a root. 

Ex. 9. 8* 4 -42 ;t 3 +29a: 2 + 42a: + 8 = 0.‘ 

\ The equation belongs to class {ii) and the middle 
term is not wanting. 

Dividing by we get V ^ 

1 42 Oil 

8a- 2 — 42*+ 29 4-42 • + 4 =0 


or 


( 


81 x 2 + 



-42 


(*-v) 


x x 

--^ + 29 = 0. 


1 


Now putting x— ~ — y, we have 


x 


x 

■+A- 


H-i) 


+ 2x 


1 


x 
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.*• The given equation transforms into 
8(3 ,2 + 2) - 4 2j’4- 29 = 0 
or 8 y* — 42y + 45 = 0 

H ence y = 3/2 and y = 15/4 


t.c., x 


1 

x 


= 3/2 ; 


whence .v = 2 or 


_ 1 


*» « 


and 

and 


.r- ' =15/4 

.V 


.r = 4 or — J. 


Ex. 1 0. Solve— 

x 2x l 4" 5x~ 7+ x'3{x~ — 7.v + 6) = V 7 x~ — 6x — 
We have from the equation 


1. 


v / (2.v-h 7J,.v — 1 ) + V3{x — 6)[x - 1) = V(7x + \){x — 

Here we get 1— 0, i.e., x=l 

or V 2x t 7 + V 3{x — b)= V 7x + 1. 

Squaring and transposing, we get 


1 ). 


or 

or 


2\ / 3{2x +- 7j(.i' —6) = 2(.r+ 6) 

3(2,r + 7j(.v —6) = (a:+ 6/ 

5.r 2 --27.v—162 = 0, giving ,v = 9 or — V. 

On substitution we find that — V does not satisfy 
equation. 

Hence the roots are 1 and 9. 

EXERCISE ill. v 

Solve for a: the following equations. 


the 



1. a: 4 — 2£>x 2 4-75 = 0. 

2 

12 V -. 

3. 8at 6 -65a 3 + 8 = 0. 

4 

.v + 5.r- 

o J 

5. .r ? -2.r 3 -3 = 0. 

6. 

-V 4 + .r 

2 1 

7. .r" — 12a~ = 0. 

, 8. 

3 2 ' -1 

9. 3" x -4.3 x ' i ' 2 + 243 = 0. 

10. 

5 X + 5 ‘ 

^-x H-x 

11. 7 +7 -8 = 0. 

12. 

1 ~- T + 


X 


X 


X 
1 “.V 


— n 1 


2 -' 


Vi 


13 . 




1 

6 


i 


17 


M4. 


15. 


18. 
19. 
< 20 . 

21 . 

V 22. 

23 

24. 

25. 

26. 

27. 

28. 

( 30 , 


v 7 

A/ 


"4-3a:-H 

*~2.v + 3 + 2 


= 5 


\y/ 5* 2 “ - v + 3 = 3 
V 2x 2 + 3.v.+ 1 -* 


16 ' 3 ' + v/^ = 10 - 17 - C.v+l)^ + 2)U + 3.(.v+4)=!5 


U‘-f 4)U — 5)(.v + 6)(.v- 7) — 504. 

.y(2.v+ l)(.r-2)(2*-3) = 6 3. 

(2x + 5)(2x- 7)(* 2 -9) = 91. a 
a--- 3AT- 5 ^X 2 — 3x 4 6 = 0. V 
x z — 2x 4- 3 = 2 v 7 a" — 2* 4 2. 

9 V 3at 2 — 7at -h 2 = 3.r 2 — lx — 8. / 


- 7 = .v — 3 v' 2_r~ — 3,v 4- 2. 


,.2 _ 


33- 

34.- 


2(.y 2 - 3.r 4-1)“ 4- 5(.v 2 - 3a 4- 1 ) 4- 3 = 0. 
x 2 -2\ — Vx z — 9. j *7 

V3a- 2 H-7at- 1- v'3x 2 + 7a:-10=1/.>C # " 

^5* 2 -6* + 8 4- \ / 5a“-6a--7= 15. —; " * “ * 

V3a: 2 — 7a: 30 — v 2x z ~ 7x — 5 = x — 5, X 

\ / .v 2 4-y + 44- Vx 2 — x +3 = 2*4-1 • 

* 4 + * 3 ~ 4* 2 4-*4- 1 =0. 32 ^ .r 4 - 3. r 3 ~^2x z - 3 x 4- 1 - 0. 

4a 4 — 4a: 3 4-5a: 2 — 4* 4-4 = 0. \ 

at 4 -5a; 3 4- Sx 2 - 5x 4- 1 = 0. ' £ - 

‘6a- 4 - 25a; 5 4- 1 2* 2 4- 25*4- 6 = 0. J _j " 7 — - V/ 


36. a: 2 + 


4-2 f x 4- 


142 
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37. V2x~ “ 9a* 4- 4 4- 3 V 2a — 1 — v / 2^ 2 4- 21* - 11. 

38 . \/a : 2 “ 8 a: 4- 15 - V4a ; 2 —18* 4-18 4- V-x“ 4- 2x^ \ 5 ----- O 

39. v 'x 4- 2 4- V 2 *4- 1 = i/3* 4- 5. ~" 4 * Er 

40. ^3*4“ 1 ~ ^3a: 4-2 = 3 v /*+1 f* ^ 

41. V 2*4-74- v'T'a:4-2 — 3 A+T 




IS 


42. 

43. 

44. 

45. 

47 

48 

49. 

50. 


\ .v 4- 4 + V -\* + 7 = \ .V 4-1 ]. 


i — 


\ 4 .v — .r __ 


ripplv f'omp"nvTHlo 

~ 4" \ 4v x"' ^ ' L rtr<l <lividjMxln 

(i 4- 2.»‘4- ' a~ — 4a-" 5.v 

<'+-.v - \V —4.r <r 

> 

3 X ‘: 3“ x = 27 : 1. 46. /, 2X -V 4- 1) = f// 3x 4- ,/ x )// 

i . „ , -i 

"A* 4- rd ,v“ — rf .v 4- />') - — A" -- ah. 


' 1 + 


A* 

<r 


i 11 — 

\ 1 — — 1. 

x 


-V" - . 1 

— I \ r/ — V h KY — . 

\ tt + \ b v 1 4_ i 

h \ a a \f h 


1 he left hand side 



N o\v 



v and proceed.;. 



CHAPTER II. 

Theory of Quadratic Equations. 

11. Definitions, {i) Equation : An equation is a state- 
jnent of eaualitv between two expressions which holds only 
tor the particul ir values q the variable or variables involv¬ 
ed. lo r example, $x — 9=5.r— 21 is an equation, because it 
is true for only one value of a* = 6. 

The sign = is used to denote equality in an equation. 

07) Identity An identity is a statement of equality 
between two expressions which holds for all values of the 
variable or variables involved For example, x 2 — 2ax + ar 
— Tv — <rT is true for all values of v and a, and, therefore, 
it is an identity. 

I'he sign = is used to denote the * equa'itv in an 
identity to distinguish it from — used in an equation. 
Thus [a ~\~b\(a — — b~. 

Properties of Identities : 

(1) In an identity, the coefficients of the like powers 
of the variable involved are equal on both the sides. 

(2) if a polynomial in x of the form 

<*or n T«t.r"“ 1 T iizx" + u n vanishes for x = <7, then 

{x — a) is a factor of the polynomial. 

Dividing the polynomial by x — a, let Q be the quotient 
and R be the remainder, where R contains no x. 
Then 

a 0 x" T a i a*" ~ 1 4~ a 2 a - 11 "■ + ... + ttn == (a* - a )O + R. (1) 

Putting in (l) x = a we have 

ar,a" ai i" ] -\~ a in" ~ + ... T = O X OH-R 

“ R. 

Hut a 0 a u + .+<r„ vanishes for a*- a, 

r= o. 

\ Hence, x — a divides the polynomial exactly, so that 

| x-rr^t is a factor.i 

12. A Quadratic Equation cannot have more 
than two roots. If possible, let the general quadratic 
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equation ax 2 + hx + c = 0 have three different roots, a, P, A. 
Then we must have 

,/<r : -h/)a + c = 0.(1) 

aP' + bP + c = 0 . (2) 

b\~hc = 0 .> 3 ) ^ 

Subtracting (2) from (1) we get a(a ' - P ? ) + - P) =0 

or (a-P)la(«+P) + h) = 0. 

Here, since u and /? are different, the factor a — P is 

not zero ; 

/. <j(a + P>+b = 0 .(4) 

Similarv from 02) and (3) we get 

a(P + \) + b=0 ...(3) 

Now subtract (5) from (4). 1 hen 

a(a — A) — 0 

Hut a is not zero (2). So a — A must be zero. Tlius 
,i and A cannot be different as supposed. Hence there 
ran be only two roots. 


Cor. 1. If the equation ux~ + 6.v + c = 0 is satisfied 
by three different roots, then each of the quantities a, b , c, 
is zero. For, when <i, P, \ are all different, then the 
relation a(<i — A) = 0 is satisfied only when rr = 0. And 
a = 0 gives from (4- or (5), 6 = 0. Finally from any of 
(1), (2), f3) we get c“0. 

Cor. 2. If the equation ax 2 4* bx + c “0 is satisfied 
by three different values of .r, then it is satisfied by any 
value of .v. ( i. e. in that case the equation is an identity). 
For, the equation now becomes 0..v“ 4-0..r 4" 0 = 0 which is 
evidently satisfied by all values of ,r. 


13. Relations between the roots and the coeffi¬ 
cients. Suppose u, P are the two roots of ax c + bx"¥c = 0, 
Then evidently 


*/ 


— b 4" \ b~ — 4 (iv 

2a 


and 




a + P = 


— h 4 - \ b~ — 4 ac 

2a 





b 

a 


t 
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and 



c 

a 


Hence we have the relations : 


. the coefficient of x with sign changed; 

(1) bum of the roots ~ coefficient of 


x constant term 

and ( 2 ) Product of the roots = he coefficient of *-• 

* 

Cor. If a, (3 be the roots of the equation fir+6.vi-c-0, % 
show that for all values ot .v, ax z + bx +c = a(x — a)(x~ ft) 

IP. U. 1927j 

Since a, ft are the roots, we have 

a 4- ft = — ari d aft — L . 

a a 



= a { x z — (ct + ft )x + aft } 
= a(x — a)(x — ft ) 


14. To form the equation with given roots. 4 From 
above we see that the equation ax" 4- bx + c O’ \ 


is the same as 


v 2 -f - a' H—~~ — 0, since a=£Q 
a a 


or 


i. e. t x 2 — (c* + /3 ) x + afi — 0.(0 

at—( sum of the roots).* + product of the roots 
i. e. (x-«)(x-ft) = 0 .(2) 


— 0 . 


From (1) we infer that to form the quadratic equation 
whose roots are given we have to make unity as the 
coefficient of A' 2 , put the sum of the roots with sign 
changed, as the coefficient of a, and the product of the 
roots as the constant term ; and then the sum of rill these 
three is to be equated to zero. 

From (2) we conclude that if we subtract each given 
root from x and equate to zero the product of the two 
differences, we get the quadratic equation. 







M 
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Ex. 1 . Find the equation whose roots are 3 ai d - 

From (2) the required equation is (.r — 3)(.r+f) = 0. 

or .y 2 -- \ 2 .r-S= 0 . 
or . 5.i" — 1 2.v — 9 - 0. 

Ex. 2 What equation has t;ie roots 7dl2 /5 ? 

Here the sum of the roots = 14 
and the product of the roots ■■= 7 2 — (25) 2 

= 49-20 = 29. 

Hence from 0) the required equation is 

x 2 — 14*4-29 = 0. 

15. Symmetric functions of the roots Express¬ 
ions involving symmetrically the roots of a quadratic 
equation can be evaluated in term* of the coefficients. 

Ex. 1. If P be the roots of ax z + bx + c = 0 , find 
the value of (1) a~4-/3 2 , (2) \ 4- ^ 2 . 

Since a4-/3 = — ^ and aB = L W e have 

« a 


( 1 ) 


« 2 +p 2 = (cL + Pf-2ai3=(--^-\2 — 2—= 

\ a / a a 2 


b~ — 2rrc 
a 2 


c 


b “ — 2r/c 




•J 


, L + 1 _ /3 “4- a 2 _ 

and . 2 ) + ^52 ^2 ~ 

Ex. 2. It a, ft be the roots of * 2 4-/.v4-w = 0 ^form 

the equation whose roots are ^ . M ,,i 1 

" a + ^ ‘ ctP + b ' 

As a4-/3 = -/ and we have for lhe new egua . 

tion the sum of the roots = ^ 4 * 

v aa + b ufi + b 

— , , 4- 2b __ 2b—<, l 

a‘a/*-f«&l«4-7*J + &“"' a*m-abl + b- * 

and the product of the roots = 1 

(tf«4-6)(«04-&) 

_ 1 



Hence the required equation is 

2 h-nl v+ 1 ^ () 

</' ill — a bl *+■ /)“ (Tm — tihl 4" b~ 

or (<r/// — abl + b~ ] x~ — ( 2b — al r+l= 0 . 

Ex. 3. Find the condition that one root of 

ti.v -\- bx + c = 0 may he the square of the other. P. V . 1916.J 
If a and or be the roots then we have 

the sum of the roots = u 4- a~= — . ( 1) 


and the product = a J — 


c 

a 


From (2) a 


-(O’ 



( i)B‘ves(;;) +(;) 


75 


/> 

<7 


( 1 ) 


which on cubing and simplifying gives 

a~c 4- ac z 4- b 3 = 3 a be. 

s ' 16. Common root of two equations. I o find the 

condition tkat the equations ax z + bx 4- c = 0 and 
a 'x 2 + b'x v //r»vc» common root. 

> s a root ot l) ° th thfc e< htations. Then 

we have^^^^^ at*r + ha+c== 0 ) 

ar.d 4vfc , a 4-c =0 ) 

Hv the method of cross multiplication, 

a 2 a __ 1 

be' — b'c ca'—fc'a ab' — a'b 

whence we Ret (ca'-c'af=(bc'-b'cYah'-a'b) as the re- 

quired condition. 

Cor, 1. Front (1) it is clear that a, the common root 

. I ka' — c'a bc' — b'c 

is " 7 ' », or —>— » 

a6 — n 6 err c a 

§ 

Cor. 2. To find &e uncommon roots we note that 

the product of the roots o^the hi st equation is ^ . I here- 

c . ca' — c/<r 

fore the other root of the first equation is - • ah ' - a 'k 


.* f 
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c bc' — b'c . ciab' — a'b) c( ca — c a) 
or a ' ca — c'a ' l ' e ' aKca — c a) °* a{bc — b'c) 

Similarly the other root of the second equation is 
c'(al)' — ah) c'(ca' — c a) 

a \cn — c a) a {be —o c) 

# 

Ex. 1. If the equations x~ 4" bx 4" cci = 0 and 
.v~ 4- c.v 4- ab — 0 have a common root, their other roots satisfy 
the equation x z + ax + bc=0. | P. I'. 1^23.] 

It a be the common root of the given equations, then 
we have a“ 4 "fra -f ca = 0 

a 2 + ca + ab = 0 

a" a _ 1 

a.(fr“ — c~) a(c~b) c —fr 
a 1 a 1 

' r ^Tfr + c) - - a ~ - p h not bein ^ equal to c. 

From here we see that the condition for a common 

root is fi + fr + c = 0 .( 1 ) 

and that the common root is a. 

Hence the other root of the first equation is ca a — c 
and the other root of the second equation is ab-±a = b. 

Now the equation whose roots are c and fr is 
.v 2 — (fr 4- c)x 4- be = 0 

or x z + ax + bc = 0. [Since fr 4- c= —a from (l)] 

Ex. 2. Find the condition that the quadratic ex- 
pressions lx~ + my+tiy 2 and Vx z 4- nixy + n'y z may have a 
common factor. 

If x- ay be the common factor, then suppose that 

, /-V" + >nxy + Iiy = l{x - a y)(x +by' .(1; 

aid that l'x : + in'xy + n'y 2 =l'(x — ay)(x + b'y) .( 2 ) 

Smce the right-hand side of (l) vanishes when x = ay, 
the lett-nand side also must vanish for the same value* 
of ,v. 

/(ay) 2 + n(ay)y + jiy 2 = 0 

<>>' la~ma + n = 0 . .( 3 ) 

Similarly from (2) l' a z + ma + n' = 0 ..*!(4) 

From (3; and (4) / = , — =_1_> 

mn -m n ,U - n / 

whence the required condition is 

(///' - n'l) z = (mil — n)(lm' - l'm). 








25 


Alitcr • The condition that the two expressions may 
AUTis • mp as the condition that 

have a common factor .s the ™ ^ common root . 

the corresponding equations m. 

etc. etc. 

Exercise IV. 

1. Form the quadratic ^tionj, whose roots are 
< I/O * ncl 5 \ 3+ a \/ d 2 and 3- \/2. 

(vM 4 + V7and4-t/7. («»• 5 ‘ 

' 6±!3 ' t 35 +C + 5-0.'£d the 

M 2 - ,u ' Pbe :;T"XH 

Of («) ’ ^ iJ+,nx + n = 0, find the 

, -3. If a. P be the ro ° S ° f , '• + 

value of (0 *+* <«> * 0 , find the 

value of vi; , , ^/Q-iq_ 3 ) z' . , . 

>(*»*) ( 2 a- + 3) ( 2P + „ = 0 , hnd the 

. ^5. If a, P be the roots of * p P* + 

'value of («) u 4 P + ‘^‘ (t,) l+?+l+a 

1 -a ,1 

(»*) i+a + l + / i “ ( 2 _ /, v 4-„ = 0 

. ^ «, h ; u 5 ^r-r- -- 

" • 11 ’ _- , — . L 

./T + ./ P +t/ «-=°. > 15 ' / 

\/ /3 V ct P v- + />* + <2 = °. ftnd the 

^ g. lf a, /* be the roots of ^ 

equation whose roots are a and / ' form the 

If ct. /3 be the roots of x +1- 

equation whose roots are fi and a 
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10 . If a , P be the roots of x 2 + ax + b = 0, what equa¬ 
tion will have the roots a 2 -\-aP and/F-fr t(3 ? 

11. If ci, P be the roots of a x ~ + bx + c = 0, bnd the 

equation whose roots are O') and a 7 /? 4 ('//> ct 2 /3~ l 

and a '/ 3\ f,7/) a 2 P~ z * n d a~ 2 p 2 . 

12. If a. /? be the roots of />.v“ - (/.v + r —0, hnd the 

equation whose roots are \ , and r} 

an + h ttp + h' 

1 J. II P be the roots of x z + 3.v + 5 — 0, find the 
equation whose roots are a +2 and P + 2. 

14 Find the equation whose roots are double the 
roots of x —bx + c -() 

15 bind the equation whose roots are the squares of 
the roots of .v - ///.v+// = 0. 

16. Find the equation whose roots are k limes the 
roots of the equation ax i + bx + c = i). 

17. Find the condition that one root of lx 2 + tnx -f // — <\ 
may he double of the other. 

18 Find the condition that one toot of a.u 2 -f bx + c — 0 
iway be four times the other. 

'fj/?/ Tf a - P be roots of .v J + .v -M ~ 0, show that 

3 , 2 9; , Fo % r value of h will the equation 

1 -f-4^)xH-/r + 5 -0 nave a root one-third of the other. 

Z 1. bind the common root 6f the equations 
/x +mx-\rn=i) and px~ + qx + /• — 0 

/ ’5 2 ‘. that lhe t( l ua lions =0 and 

U + r = 0 r" h r e a f om,n « n — if «=* or .+l=i 

. Uld .. 2 1 n Va n e l ! ° f ^ ,he ^nations -«■— ll.r + 24 = 0 

d O/i ^~° Wl11 have a common root ? 

and ' a ^ lles expressions 4 a*“ — 

Off 7 + 16 w,n have a common factor ? 

- bind the values of m for u-lnri, „ 

%£***"* and - > J + y —will have TlZZl 
whef„, fraud* 

Tf ^ ature of the roots of a Quadratic Equation 

uetave 6 . er00tS ° f,he eq,!ation «S+bx + c = 0, then‘s 



a = 


- /»+ \'h~ 


-h/ 


a. n \ fi 


la 


" if f .. a depend* upon the value of 
Evidently the nature of • P 4 \\e, therefore, 

the quantity under the radical viz \b 

have the following cases : then the value 

I Hb—4ac beapositne i and 

of is real and therefore «, P are 

unequal. , t u e value t'f s Jfllc 

U. H hJ 7 +a a fl Z are°r!?«/ and *«..«/, or coincident, 

zero, and therefore <*. P 

- /> 

each of them being • nuantitv, then the 

HI. If 6 2 -4oc bp a n ^ a , ' d therefore a, P are 

value of t'r-f.cs 

imaginary and «ih< 5<Z»“* a " d c °2 * f the n t b'-^c is 
IV. If h*- 4 ^c be a perfect a))d 

rational, and therefore «. P a 

otherwise irrational. equation with rational 

c “- *• ™, iwl Tf -+Vr. . >»•■ «■“ 

coefficients occur in p< a proper surd. 

f- Vm is also a root, when equation with 

Cor. 2. The imaginary roots , f /) + I<J be a 

srir-sr.-r'Z'Uw»- * 

",;rs“dSj. _ DSS~Sfs-".£"A— 

the nature of the roots, it is called 

*»”*•*; : 

IP 9 Y“— 9.V T o — Vi \*f ■> . „ l — n 

] y 2 . A v. -4- 9 = o (4) 2*'4- IX — 4 -U. 

(1) The quantity 4 rtc = 8! -4.2.b^ quantity which 

The roots, therefore, are ■««/ an w»tq g 

(2) The quantity b -4^^ 

Tto roots, ,ber.(W «• 

(3) The quantity b 4nc ^ negalivl . , 


mantity 
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1 he roots, therefore, are imaginary and unequal. 

(4) The quantity hr — 4^c = 49 + 4.2.4 

= 8l=9 2 . 

The roots, therefore are rational and unequal. 

18. Signs of the roots of the equation ax 2 + bx + c — 0. 

Tet a, ft be the two roots, so that a + ft = -and 

a 


aP = 


c 


a 


(i) a and b o f the same sign, and c of the opposite 
sign. Then, a + ft is - ve 

K and aft is — ve. 

One root is +ve and the geater of two is —ve. 

Ex. x 2 -f .r — 6 = 0. Here x~ — 3 , 2. 

(//) a and c of the same sign ., and b of the opposite 

sign. 

J hen, a -f ft is + vc 
and aft is + vc' 
a and ft are both + ve 

Ex. -v" — 5*4-6 =0. x — 3, x=^2. 

{in) b and c of the same sign, and a. of the opposite 

sign . 

I nen, a +ft i s -\- vc . (j ) 

aft is — ve . (2) 

From (2), enher a i s - or ft is - w and from (l) 
tne greater root must be +i c. ’ 

Ex. .r — .v — 6 = 0 . Here roots are 3 and —2 the 
greater root being positive. 

(^ and c are all of the same sign 
Then, a + ft is ~ve. 

and aft is ~\~ve. 

a and ft are both — ve. 

Ex. *“-f 5 a:4-6 = 0 . Here the roots - 2 and -3 are 
both negative. 

} 9 Qu “J lra 1 tic Expressions. An expression of 
the form ax + 6 *-fc ,s called a quadratic expression. 




Evidently a quadratic expression equated to zero gives u« 

- quadratic equation. A quadratic equation is satisfied 
h 'onW Uvo values of But in a quadratic expression 

\ve may "ive to ,v whatever value we like. In general 
a quadratic expression will assume difierent values fn. 

\w»~.S««lr — I Art. 12 Co,) w 

XL. 'ot .h. «»«»•" '“ ;+ '" +r 7;'r u™: 

of the expression <rx* + bx + c are tr(.v - *)(*-P 1 'tese 

factors are real and distinct, or imaginary according as 

and B are real and different, equal or imaginary, i. c., 
according as b 4<ic is posiu\e ., / f act or 

v-A only when A i« a root of the equation ax + bx+t 0 

;f' W e actually divide ax~ + bx + c by a a 
^ ° • i , r. • \ 2 ' i l \ _i_ ( , Xow x ~~ A will he a factor 

remainder left is a A +/) ; „\ 2 4-/>A + c = 0 or 

when there is no remainder i e. when_ A +f,A + c 0, 

Vvorx //y 2 +/>v + c = 0 is satisfied bv x A , 

(iti) For III values of a, the expression «*■ + ** + * 

equation * lies 

between them. For. if a, fi be the roots then 

*** + b.r+c— il.r-a)(.r-0). 

Now if x lies between u and /3, one of the two actors ' 
be negative and the expression will not e %o\ern 
the s fgn of a. But if * is greater or less than « and fi 
both then in either case the product of the two factor. ■ 

pS\v«Tnd «. •*" °< . «<»._"» £• — 

t r o then the expression —o'. a: <*) • in tms 

may be less than or greater than a, (*—«)" ,S io ^° ? Vext 
and the sign of « is to be attached to the egression Next 

if a and j8 are imaginary, in which case b *ac 

axr + bx + c = it^ * 2 + a x+ a J 


- '• ( 


t 


+ 


b 

2 


So that 6 


\ac being negative, 

, J> " 
2» 


B 

( 


v ^ 

) 


) \ 2 _p 4uc-/>- | 

:.i) + W r 

v.e have 4ac — b" 
& positive ; hence 
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( , h . 4 ac ~ b 2 . . . 

X+ T,)' + 4a 2 ,s pos,tlve - 

ax 2 +bx~\~c has the same sign as a. 


Thus the expression 


Ex. Determine the sign of 3a*~4-8a‘4- 11 
3.v“4-Xa*4-1 I =3{.r- + 5^+V> 

=*3{(.v+4) 3 +y> 

Now riie expression f.r + J) J +V is positive for all 
real values of x and therefore the given expression is 
positive. 


20. Limiting values of Quadratic Expressions. 

We can, by the helo of Arts 16 and 17, find the limiting 
\ alues of a given quadratic expression The method will 
be clear from the following examples. 

Ex. 1. For all real values of x find the limiting values 



,r“ 4- 2x.~ 3 
.v 2 4- 2.v - x' 


Suppose that y is a value of the given expression, 


so 


♦ i » x ~ 4" 2x — 3 
that 2 . , — y 

-v 4- 2.v - 8 • 


real 


or .v-( 1 - y) 4- 2x( 1 - y) 4- (8y - 3. = 0. 

Since x is real, the roots of tnis equation must 


be 


Its discriminant 4( 1 — y) 2 — 4f 1 — y)(8y — 3) must be 
positive 

4(1—y)'4 —9y) must be positive ; 

/. e b >th the factors should be either positive or both 
negative 

Thus y must be greater than 1 or less than tj. 

'Hence the limiting values of the gievn expression 
are 1 and *. 

Ex. 2. If x be real, show that the expression 
v“—10*4-27 can never be less tnan 2. 

Let a 2 — 10* 4- 27 = m or x 2 — 1 O r 4* 27 — ni = 0 
So that a ^5 ± y/ m 2. 

Now x will be real when /// — 2 is posnive or zero, i. Ct 
when m is greater than or at the most equal to 2. j t 
means that ni cannot be less than 2. Hence the express; ori • 
°an never he less than 2. 


Ex. 3. In the equation x -~px-\-q~ = 0 if a he real, 
show that /> cannot he between ± 2 */. 

From the equation .v=h'/)+V/>'" h/'h 
Now x will be real when p~ — ±q~ is positive or zero, 

i. c., when ip — 2(/)(/>4- 2q) is positive or zero. For positive 
values of p and q we must have p greater than 2q or less 


than — 2q ; and for zero value we must have p=±2q. 
Hence p cannot lie between + 2q. 

, . EXERCISE Vyr. 

1 . Di-cuss the nature of the roots of the equations : — 
(/) 3x~ ■+■ 2.v + 1 — 0 { ii) x 2 4- 9a* 4- 20 = 0 

(/’//) 9.v : -I- 5a — 1 = (4 iv ) 4 a*" — 1 2.v 4-9 = 0 

(r) j.v — a*+1=0 {vi) 7a-- 13a*4-4 = 0 

2. Show that the equation .3 x~ 4- 5a* 4- 7 = 0 cannot he 
satisfied by any real values ot x. 

3. For what values of p the equation 9.v“ — px 4- 25 = 0 
has equal roots ? 

4. If the t quation 4 at" 4 Nv 4- in = 0 has equal roots, 
find tn/ 

5/' Find the values of m if the equation 
(1 4- ii/br" — 2Pt 4- 3///)at 411 4 Sw) = 0 has equal roots. 

6> Show that-the roots of the equation 

4a-— 8 ;r 4-(4 -/r 1 — < 7 ’) = 0 are real -_ f .— 

* i. 'Prose tliat the equation 

1 a — b 4“ c) x’ 4- 4(a — b)x 4" (a — b — c) = 0 
has real root^;_— 

8. '‘Show that tile equation 
{a 4- c — b)x~ 4“ 2cx~\-(b 4-c — «) = 0 

has rational roots. 

9. Shaw that the roots of x~+px-\-q = 0 will be 


rational if p — k 4-—, where p, q, 


are all rational 


quantities. 

10. Prove that 3x 2 — 5a 4-3 is always positive. 

1 1. Show that lx —4 — 5X 2 is always negative. 

? 12. Show that x 2 — 9.r-b21 cannot be less than 4 . 
r 13. Prove that the least value of 5a“ — 7,r 4-7 is ?!£. 
14 . Show that 3 4- 5a*— 2 v“ cannot be greater than 6 *. 


v fW~. 


O CK**- 


4 J VA \ A. I ^ 
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/ 1 5. If x be real show that ' cannot 


.v* + 2a* + 3 


lie 


between 4 and ~~ 5. 


a : 2 + 3 4 \— 71 

1 6 . 4 Prove that . . ’ —« cannot take values between 

x~ i 2 a* 7 

5 and 9 and for all real values of a*. 

S 1 

17. For real values of x prove that x -\—- cannot lie 
between 2 and 2 . 

18+ -Show that * (a * 2 — 5*+ 9) must lie between 1 and 

x 

— 11 for real values of x. 

19. For anv real value of a* the expression 

1 . . + - 1 -_ I _- 

1 -Kr 1+3 x (1 +at)( 1 + 3.r) 

cannot lie between 1 and 4. 

20 If p be greater than unity, then show that for all 

.v 2 + 2a*+ /> 2 , />+l 

values of x the expression i .-_ 2v _pp lies between £ 

, P- 1 

and /.+ r 

21. Find the condition that the roots of a.r 2 + 6 a - + c =0 
may be (i) reciprocal of each other, (/'/') both positive ; 
{Hi) both negative, (f‘v) one positive and the other negative 
(v) equal and opposite in sign. 

22. Find the condition that the equation ax 2 + bx + c = 0 
may have 

(/') one root zero, (/'/') both roots zero, (iii) one root 
infinite, (ii») both roots infinite. 


23. Solve the equation \ v V 

1 x+p x-rr 


0. 


i 
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CHAPTER III 


Simultaneous Quadratic Equation 



2l. Simple Cases. Under this head will be treated 
such simultaneous equations of higher degree than the 
first as admit («) the process of elimination of a variable 
involved ; or (/>) the method of cress multiplication. 
These two methods being rather elementary are already 
known to the student. 


Ex. 1. Solve the equations 
From the first equation y = ~ 


3x — 2y=l ) 
*2 + 3,2=74 ] 

r 1 .(a) 


Substituting this value of 3 ’ in the second equation 
we have 



or 

or 


13 2 _ 3 _ 295_ 

^ AT 9 x ^ fl> 

13at 2 — 6x — 295 = 0, 


whence 


_3± y/ 9+13 x 295 _ 3±62 

13 13 

= 5, -f». 


Now if x = 5, the relation (A) gives y=7 ; 
and if *= — ?§, we get 3 ,== “rth 

Thus the solutions are x=5, — / 

v = 7 —Oft \ • 


Ex 2. Solve 2x~3y = 11 

4 _ 3 _ _ JJ7 

.r 3 ’ 7 



From the first equation y 


. 2x - 11 

3 . 

With this value the second equation becomes 
. 4 __ 9 = _ 1 7 

* 2x — 1 1 7 

rr 17.r 2 -97.r- 154 = 0 

whet cr x—1, or — 7 ?. 


( 1 ) 






Now when x-1 , the relation (I) gives y= I, and 
when *= — ??, then we gety= — 

Hence the solutions are x = 7, ~~ 2 ,j } 

y= I, ) - ,, 

Ex. 3. Solve .t4-y=12) 

.rj = 32 ) 

First Method. From the first equation y=12 — x 
the second equation gives a: 2 — 1 2a: ~h 32 = 0, 
whence x = 8 or .r = 4. 


Now when .r = 8, we get y=4 ^ 
and when .r = 4, we get y=8. 

Second Method. We know that 
(x — y) 2 = {x + yY — 4 xy 

= 12 2 — 4-32 = 16 , ' 

-v - y — ± 4 „ 

Now the equation x -y =4 combined with x-j-y=> 12 
gives x=8 and y~4 ; 

and the equation x — y= — 4 combined with x + y= 12 give? 

.r = 4 and y = 8. 

Hence the solutions are 
* = 8, 4 ) 

y — 4, 8 f ’ 

Ex. 4. Solve ix 2 +2y z —5a z +8b' ) .(l) 

xy = 2ab. ) .(2) 

We have 5x z + 2y 2 =5a 2 + 8b 2 t 

and 2/10 xy= 4/ 10 ab \ 

Whence by addition- and subtraction we .get two 
more equations, viz., ’ ’ . 

( V 5x 4- v 7 2 yY = ( / 5a 4- 2 V 2b) 2 
and ( v 5x — V 2y/= ( V 5a —2 V2b) 1 
V5x 4- V2y = ± ( V5a 4- 2 V2b) 
and y/5x- V2y= ±(\’5a — 2 V 2b) 

Hence by addition and subtraction we get 


x = a, ~a, 2V f_b> ~ 2 ^ Jt h ) 

y=2b, —2b, V £ a, — /fa) 

Ex. 5. Solve '2_W 2 4-9y 2 =73 ) . (\) 

5x + 5y=U ) . (2j 

Subtracting (1) from the square of (2) We get 

30.ry = 48, 
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which when subtracted from (1) gives 
(5x-3 y y=25 
or 5x-3y=±5. 

Combining 5.v-3>’=5 with (2) we get 
x=i and y=l ; 

also combining 5*-33’=- 5 with (2) we get 

x = § and y=s. 

Ex. 6. Solve 9x 2 + 5y 2 — 29 = 0 
. 5a* 2 — 3 4- 7 = 0, 

I he method of cross multiplication gives 

__* 2 = _ y z _ _ = _ 1 

35 — 87 —63— 145 —27 — 25 

2 ? 

or f- * = 1 

- 52 208 52 

whence a 2 = 1 and / = 4 

a=± 1 and 37 = ±2. 

Hence the solutions are 

x=l, 1, —1, -1 ) 

' 3 ?== 2, -2, 2, -2 J \ 

Ex. 7. Solve x 2 + y 2 = a 2 ) ( 1 ) 

y~+z 2 = b 2 i ..::;;;;;.;; ( 2) " v 

z 2 + x 2 = c 2 j . ( 3 ) 

Multiply (1) by A* and (2) by and subtract, ther 

6V + (6 2 -a 2 Jy 2 -« 2 z 2 = 0 (4) 

also multiply (2) bye' and (3) by ft 2 and subtract, then 

— O x +c y + (c 2 — b-)z 2 = 0 .( 5 ) 

From (4) and (5) by cross multiplication 

__ = y* 

(b 2 -a 2 j(c 2 — b 2 ) + a /: c* a 2 b 2 — b~(c 2 — b 2 ) 

_ 2 2 

b l c 2 + b 2 (b 2 -a 2 ) 

2k „,2 

or —_ X . _ 9= y __ 2“ 

« ”6 2 +c b 2 — c 2 .+ a 2 c 2 — a 2 -hb~ 

and each of these fractions 

' = x 2 ~h y 2 -hz 2 

d*+b 2 + c 2 

- ci 2 +fe 2 + c 2 pSince 2(x 2 + y 2 + z 2 ) = a 2 +b z - 

2(a 2 -bb 2 -\~c 2 ) I from the given equations. 
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Hence a“ = 


a 2 — b 2 + c 


2 b 2 -c z + a 2 

y= -y 


z_ 

2 — 


c“ — rt 2 +A 


Thus if we pat Ai 


V 


a 46 —6 2 + c 2 

9 


* 2= V 


A 2 -c 2 + a 2 

2 


Am 


v 7 


C 2 J”^7 2 + 6 

9 


the solutions are 

x— k\, 

Ai. 

Ai, A It — Ai, 

— Ai, 

-A„ 

-*» 

y = k 2 , — 

A 2> 

A 2* ~ k2 r A 2 , 

a 2 , 

a 2 , 

A 2 

2= A 3 , 

As, 

• 

r) 

i 

CO 

I 

•» 

CO 

1 

As. 

“ As, 

As- 

Ex. 8. Solve 

X 

+ 3’ + 2 = rt + 64r 

f • • • ■ 




X 

. V . z 

) 


( r%\ 


(3> 

(4> 

(5) 


+ £ + ~ =3 i . 

a b c f 

r + >’ 2 + 2 2 = « 2 +6 : + c 2 ) 

From I ) we get (a — a) -My — b) + (2 — c) — 0 

and from <2) we get A - - a -+ * V -r— 1 - -p 2 -~ = 0.. 

rt b c 

Now treating x — a, y~~b, z — c as our variables we 
have from (4) and (5) 

x a _ y — b _ z — c 

1 _ 1 ~ _ i J ” 1 __ 1 

eh c a b a 

x — a _ y~~b _ z — c 
OT aib—c) blc — a) c(a — b) 

Putting each of these fractions equal to k , we get 
a= A«fA ~ c) T<f, y = kb(c — a) + b, z — kc'a — b) + c 
Substituting these value in (3), 

{ka{b ~ c) + a) 1 + {kb ( c — a) 4* h} 2 + \kc{a — b) + c} 2 = a 2 

+ b 2 4" c z . 

or k 2 [a z (b — c) 2 + b 2 {c — a) 2 -\~c z (a — b ) 2 J + 2A[a (b —c) + 

6“(c — a) +c 2 (a — 6)] = 0 r 

whence A = 0, 

M(A — c) + 6 2 (c — rr) +c 2 ^rz — 6) 


or 


A = “2 


« 2 (6 — c) 2 + 6 2 (c — < 7 )“ + c 2 (a — A) 2 


= R (Suppose). 
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Taking £ — 0, we have x — a = 0 .*. x = n 

X — b = 0 y = b 
z — c = 0 z = c\ 

Taking *=K\ we have x — a = Ra(b—c) •'..r-K (7 (6-cJ + ( i 

v — b — R6(c — a) R6(c — a )-\-b 

2 — c = Rc(rr — b) •• z = Rc(<7 — 6) 4" c* 

Exercise VI 

Solve the following sets of equations :— 


N 


1. 3.v 2 — 2j>= 23 

2. 

x 2 4-y 2 = 85 

4.v — 3y = 6 . 


V — a = 7. 

3. 2 a 2 4- 53’ 2 = 130 

4. 

a 2 ~ y 2 = 6 

x + y = 9. 


a 4-y = 6 . 

5. •2A 2 4~5y 2 = 2 ? 

6. 

a 2 4-Ay 4-5 a 4- lOy 

3 a 4- 4y =11. 


a 4- 2y 

7. 3a- -2y — 11 

8 

2 a 4-7y= 1 1 

,V\ 3 4 17 

/ -r y 7 * 


3 4- 2 = 7 

a y 2 

9. a 4- y = 8 ‘ 

10. 

a y = 5 

Ay =15. 


Ay= 14. 

11. /a + my = 3 

12. 

a 2 y 2 = 9 

Im Ay — 2 . 


A 37 = 20 , 

13: 2a 2 4- 3y 2 = 24 

14. 

4a 2 4" 9y 2 = 793 

Ay= 24. 


2a — 3y = — 1 . 

15. a 2 4~ y 2 = 13 

2 2 r 

16. 

ax 2 + by 2 = a 5 +b J 

A 2 ~y — 5. 


bx 2 -ay 2 =ab(a- 

17. 2x z -3y=20 

18. 

7x+xy=20 

a 2 4- 5y = 36. 


2xy + 5x = 22. 

19. a 4- 6 y 4’ 3z = 0 

20 . 

a 2 4- y 2 = 13 

3a 4~ 7y 4~^ = 0 


a 2 4-0 2 = 34 

^ + 3> 2 + z 2 = 10 ii. 


3> 2 4-^ 2 =29. 


\ 21 . x(y + z) = 5 
y(x + z) = 8 
z(x + y) = 9. 

23. 9x 4- y — 8z = 0 
4a — 8y 4- 7z = 0. 
yz + zx + xy = 47. 


22. 3 a 2 — 2y 2 + 5z 2 =0 

7x z — 3y 2 — 15 z 2 =0 
5a —4 y + 7z = 6. 

24. x 4 +x 2 y 2 +y 4 =133 


x 2 -xy + 3 ^= 7 . 







3» 

25. 

.r 2 -f xy 4- y — 84 

_ • • • 

26. *+ - 1 =5 


• 

r —H 

II 

+ 

* 

\ 

H 

3’ 

, 1 5 


- 

27. 

1 + 1 =3 
x y 

28- [| 
y x 15 


1 =2. 

x — y= 2. 


xy 


29. 

- l + 1 = \ 

30. ^ =-f 

x y 3 

y x 2 


a: 4-y = 16. 

1 1 



*4-y 3* 

31. 

Vx + Vy = 5 

32. Vx+Vy= 7 


xy = 36. 

*4-y = 37. 

33. 

* 2 y 2 4-4*y = 96 
*4- y = 6. 

34 v/J+v/f-i 



* + y=10. 

35. 

.ry 4“ y 2 = 16 
x 2 — y 2 = 32. 


22. 

Symmetrical Equations. — An equation which 


remains unaltered when the unknown numbers (x and y) are 
interchanged, is called a symmetrical equation. 

Some examples of symmetrical equations were already 
included in Exercise VI ; now such equations will be solved 
by the method peculiar to them. 

Ex. 1. Solve x 2 + y 2 =137 ) 

x + y=15 ) 

Suppose that x — u-\~v, and y = u—v so that from the 
second equation we get (u + v) + (*< — v)= 15, i.e. f u — V 6 • 

x = V + v and y — 1 f —v. 

Substituting these values of x and y in the first equa¬ 
tion (¥+*)*+(¥ -I>) 2 = 137 

or 2v 2 + 2 ,2 1® = 137 

or 4i> 2 = 49 

• _ 7 

v — ±^. 

Now if v = we have a: = tt + v= ¥ 4- J = H and 
y=u — v= ¥ — J = 4 ; and if v— — we have x= V — £ = 4, 
and y=V +5 = 11. 
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or 

or 


or 

giving 


Hence the solutions are a* = 11, 4 

■ >’ = 4,11., 

Ex. 2. x~-hy 2 — x — y = a \ .()) 

.v)’ + .\ +_r = 6 ) .(2) 

Adding together, x : + y z -f xy =a + k 

(a +j)"’ = .v>’ + a 4-6 

+ + since from (2) 

x + y = b— xy 


vV “ (26 4- 1 )xy=a 4-6 — b z 


xy = h { 26 +1 ± V (26 4-1 H'- 4(«4- 6 - 6 2 ) 

= *(26 4-1 ± v 7 86" — 4<i 4-1) 

= A and B (suppose). 

Now when xy = A, we get from (2) Ar4-y = 6 —A. 
Put r=»4v and y = u— v, so that (/<+v)4-(/< — v) 
_> _ t • _ 6 A 

— o A, i.e., n — ———. 


or 

or 

with 


Thus x = — 4v and y ~ v ' 

Substituting these values in (1) 

+t ’) 2+ ( 6: 2 A -^ y ~( b - A ) = a 

o 2 i 9 .46 — A) 2 , _ . 

2v ■+■ 2--- ~ a 4“6 — A 

4v 2 =2(«4-6- A)-(6-A) 2 . 

From here we get two values of v which combined 
b — A ... 

— will, give two values of x and y each. 


Again, taking xy — B we shall get two more values of 
x and y each by a similar process. 

Hence there are four sets of values. 


Ex. 3. Solve (at + 3 ?) 2 — (x + y) = 4-xy ) (l) 

2(at + >;) 2 (a: 2 4-3; 2 ) = 16a 2 3’ 2 4- 1 1(a 4"3;) 2 j (2; 
(2) May be written as 

21 a 4- yY{ { x 4- y)~ — 2xy} = 16x 2 y 2 4- 1 l(*4 - y) 2 
or 2(x + yY~ 4xy(x + y) 2 = 16a 2 >; 2 4- 1 l(x + y) 2 

Substituting for 4 xy and 16* 2 ;y 2 from (l) in this 
2(x + yY ~(x + y)-{(x + y)~ — (a4- y )> = [x 4 -yY — 2(x + y ) 3 

4-(*4-;y) 2 4-ll(*4-:y! 2 

whence (x + y) 2 = 0 . (3) 
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or 

or 


or 

or 


(x + y) 2 + (x + y) = {x + y) Z ~ 2(* + y) + ^ 

*4-;y = 4.^.(4) 

Now put .r= if + v and y—u v, so that from (4) u 2. 
Thus writing 2 + v for * and 2 — u for y in (l) 

16 — 4 = 4(24-v)(2 — v) 

3 = 4 - v 2 
v = ± 1 

Taking v=l we get * = 3 and >'= 1 
Taking v= - 1 we get *= 1 and y=3 
Using (3) with (l) we get x = 0 and y = 0 
Hence the solutions are * =3, 1,0 

y = 1,3,0 


Ex. 4. Solve + * + 2 


(I) 


4- 


3> — 




/ 

i 


(2) 


Let — =m + v and i = w “ v, so that from (2) w = 1 
<1 o 

Now (l) may be written as 

x y a 4 -b 


b 


+ 1 ~ 4-1 

a 


which on substituting 1+v for - and 1 - v for ^-gives 


a 

a( 1 4- v) fr( l —v) a 4- b 
2— v 24-v 2 

1 v 


or 


or 




a 

2 * 


Thus v = 0 or 


24-v 

3v , 6 “A v 
2-v + 2 * 24-v 

b 


1 

2 


= 0 


= 0 . 


a _ 


giving v — 


2 — v 24-v 
Taking v = 0 we get x~a and y b. 

Taking v= we get 

.v t ,2(6 —a) 

1 I I i • 

a a-rb 


2(6-a ) 
a 4-6 


JC 


g (36 —fl ) 

a 4- 6 
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„ j y — i _20;^a) 
and 1 ( i i \ f 

6 (a + 6) 

b(ia-b) 

y = ~-+b • 


a 


, . <r(36 — a) ] 

Hence the solutions are x = a, — 

cz i o 


b{3a — b) ) 

y=6 ’ «+&"!. 

Exercise VII. 


* 


5. 


7. 


9. 


10 . 

11 . 


12 . 


14 . 


2 . 

4. 


Splve the equations :— 

1. xy = 32 

* + 3> = 12. 

*3’ = ^ 

^ y 

A 2 4-y 2 4-A4-y=18 

Ay—6. 

A + y+v/A + y=12 8. 

A 3 + y 3 = 189 . 

7 -v/y- 5 


6 . 


a j -f y“ = 61 

a 4- y = 11. 
a 2 4- y 2 = 181 
Ay = —90. 

a “ + y 2 -* a + y = 20 
Ay 4- a + y = 1. 
Ay ( a 4- y) — 84 

Ay+A + y = 19 


\/ y^V 

A + y=10. 

A 2 4-3Ay = 45 
Ay + 4y 2 = 76. 

a 2 4- y 2 4- 5Ay — 2( a 4- y) = 123 
3Ay —4(A + y)= 24. 


x_, y _ A. j. *. 

« + ft ~ a * 

? + 6 2 a 2 + fe 2 


13. 


J> 


x 

-4- . 

a 6 


- =4 

y 

y = 1 . 


a , _&_ 

a+A 6+y 


= 1 15. 

A + y = <i + &. 


Vax+ y/by =a + b 

a 4- y = 2{a 4- b). 


23. Homogeneous Equations :—The equations in 
which all the terms containing the unknown quantities are 
of the same degree, are called the homogeneous equations 
Such equations can conveniently be solved as illustrated 

below :— 
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Ex. 1. Solve x 1 — 2xy-\- Zy z = 9 ) ..(l) 

x 2 — 4xy + 5y z = 5 ) .(2) 

Let y — vx, so that (1) bscomes x 2 i 1 “ 2v -T3u 2 ) = 9. - .(3) 
and (2) becomes x 2 { 1 —4 v + 5v 2 ) = 5.. .(4) 

Dividing (3) by (4) * 2 t 4-3t 9 


1 —fu 4- 5v 2 5 

1 5v 2 — 1 3r + 2 = 0 

— i 


or 

whence u = -| or 5* 

Takir g r = J and substituting in (3) we have 



9 

f-H 

1 li 

_ 2 _1_ 3 

5 ' 2 5 

= ± 

5 

V~2 * 

— vx 

-H 

X 

H'iO 

II 


Taking v— % and substituting in (3) we get 
,2„_ 9 _ Q 

X 1 4 1 1_li 9 

1 14 “ s* 

at=±3 

and hence y = x',r = |x(±3) 

= ± 2 . 

Thus the solutions are .r = 3, —3, , and- 


y 2, 2,^ 2 , and J 2 


V 2 


Ex. 2. Solve x z — 3>xy + 2y 2 = 0 ).(]) 

2aT — 3.r + y” = 24 ) .(2) 

Notice here both equations are not homogeneous, yet 
the solution can be effected by the same substitution as in 
Ex. 1. because of the right-hand side member of (l) being 
zero. 

Put y = v: r, sc that (1) gives 1— 3v4-2v 2 = 0 

whence v=l or J 

. x 

y = x or — . 

Taking y = x, (2) gives 
2x~ — 3x + x L = 24 
or x 2 x 8 — 0 
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x - h (1 + \/ 3 3) 
Then also y= »(1 “t v^3). 

Taking y=~w , (2) gives 


2.v” — 3.v 4- 4-=24 


or 3 a: 2 — 4.v 


Then 


-V 

4 
32 
a: 
v 


0 

4, or 
2 , or 


Q 

T? 

_ 4 


Hence the solutions are .r — 4, 


-8 


1 


and 2 ' (1 i V 3 ^ 


y 


= 2 , - 4 , and J (1 ± v/33). 


Exercise VIII 

Solve the following equations : 


1 . 

3. 

5: 


7. 


x 2 -{- xy — 78 2 . 

y*-xy=7. 

x z + y~+3xy = 6\ 

x 2 — y 2 + 2xy = 31. 
at 2 T 3 ?" — .ry = 7 6 . 

4 a: 2 — 1 20a:3> = 324. 

8 . 


* 2 +y_ x 




6 2 


x±y.-J 


x 2 - xy + y 2 = 21 
y 2 -2xy=- 15. 
y 2 4- 2a: j = 40 
x 2 4- 3a:3’ = 45. 
5x 2 +2y 2 = 5a 2 + 8b 2 
xy= 2 ab. 

x 2 ±y 2 _ 13 
a: 2 -? 2 5 

2a: 2 — 3 3? 2 = 24. 


xy a 

9. 3a : 2 4- xy 4 - y > 2 = 1 5 10. 4a : 2 + 1 y 2 = 1 48 
31 xy - 3x 2 - 5y 2 = 45. 1 2(x 2 4- y 2 ) = 25. V 3>. 

24. Miscellaneous. Generally the nature 
given equations suggests the method of procedure. 

2y \ 2 / . . 2 


of the 


Ex. 1. Solve 


(- 


x + y 


H 


14- 




82 


x — v # 9 

3x ~h 7y= 26. 


(l) mav be written as 




..( 1 ) 

• -(2 1 


which on writing t for ~ XT becomes * + ^ 9 


Dr 


9f 


* — y 

a: 4- y 
82^4-9 = 0 

t= ±3, ±& 


1 


82 
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(i) If t = 3, we have =3 

x + y 

x 4 

Componendo and dividendo gives — = — ~ — 2 

y & 

or x=—2y. 

and ( 2 ) gives *——52 and y — 26. 

(ti) Taking / = — 3, we have ^qp-^= — 3. 

.v _ 2 __ 1 

or — a n 

y 4 Z 

2 a = — y 

and •*. (2) gives *=-??, 3 ,= Ti 2 * 

(i/7) Taking t = * , we have = . 

* _ 4 __ 

or — —2 

y 2 

•*. x —2 y 

and (2) gives x — 4, y= 2. 

(tv) Taking /=— 1 , we have * -- =- \ . 

5 x + y 3 

giving 2 x = y 

and •*. from ( 2 ) x—— ff, y=ff. 

Hence *= — 52, 4, — ?® f and 

y = 26, 2 , ff, and ff. 

Ex. 2. Solve —~V = ^ X \ .(1) 

(x + y) 2 (x-yY 8 } v 7 

5*-7y = 4 J.(2) 

(l) may be written as 

(x + yY - 3xy(x+ y) ,(x — yY + 3xy( x — y )__43 

<* + ;y ) 2 ^ U-y ) 2 ' 8 * 

or A; + JI -Jg + A: - 3 , + J^ = ^ 

° r 

_ 27 
8 ** 

A *4-y —* + y 9 

giving *=0 or y— gn z jt -= 3 - 
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i.e 


• * 


(if) 

(at) 


-V- — y- 8 

9x z = 25y 
3*= ± 5y, 

Taking * = 0, we get from (2), y= — 

Taking 3* =53* we get from (2) * = 5, 37 = 3 . 
Taking 3* = — 53’ we get from (2) * = y= - ?%■ 


Ex. 3. Solve 15*3’ 4- 10* — 9y = 6 j . (1) 

8 * 3 ’-12*4-103;= 15 ) .(2) 


(l) may be written as (5* — 3)(3y 4- 2) = 0, 
whence 5* — 3 or 3y= — 2. 

Also (2) may be written as (4* 4-3)(2y’— 3) = 0. 
giving 4*= —5 or 2y = 3. 

Combining 5* = 3 with 23 ’= 3 we get .r = |, y= § ; 
and combining 33 ’= — 2 with 4.r= —5, we get 


y= -#• 

Ex. 4. Solve *4- 3(*4-y)“ = 18 — y ) .(l) 

x 2 — y 2 4- 63 ; = 9. ).(2) 


(1) may be written as (* 4 - 37 ) 4-3(* 4 - 3 ’) “ — 18 = 0. 

or <(*4*3;)^4-6>{(*4-3’)" — 3 } = 0, 
giving * 4 - 3 ; = 36 


or 9. 


or 


Also from (2) * 2 — 3 ’ 2 4 - 63 ’ —9 = 0. 

(x + y — 3)(* — 37 4-3) = 0. 


giving 

* 4 - 3 ; = 

3 or * 

— y — 

-3. 

Th 

us we have 

four sets 

of 

simple 

equations. 



w 

* 4- y= 36 

or 

(it) 

*4-3; = 9 

(...) 

* 4 - 3 ;= 3. 


*4-37 = 3. 

* 4-37 = 36 

or 

(tv) 

* 4-37 = 9 


x — y= — 3. 



x~y= - 


and (iv) give the solutions 


are 


X - 7J 


— 33 

5 t 

- 3 9 

y— ? 


absurd, and the sets (tit) 
3 

„ e . 6 
Ex. 5. Solve x(x ~h y~h z) = a | 

y[x + y + z)=b \ . 

2(*4-3; 4-24 = 0 J 

Adding together (x + y + z)ix + y + z) = a + b + c. 
x+y+z= ± Va + b + c. 
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Dividing this result by 
we get 


each equation in succession, 


a 


V a + b + c 


v 


= + 


v a 




c 


\/a + b -he 

Ex. 6. Solve x(y + z) = l 

y(z + .r) = >h) . 


2(.v4-y) = u ) 


or 


Adding together 2'xy + yz + zx) = / + w 4* 

, . l + tii + n 

xy + yz + zx — ——^— 


Subtracting from this result each equation 
succession. 

in+ ii —I n+i — m _/4-//*—/* 

2 - , ** = “ 2 ’ - r>, ~ 2 *••• 

Multiply the results (A) together, 


in 


or 


(A) 


» , 2 (m + ii — J) ( ii+ 1 — tii){l + in — it) 

x ~y~ z ** - 8 “ 


v/ 


(tn + ii — 1)(ii 4- / — m )(l + in — n) 


Now dividing this by each of the results (A) we get 


x 


v/ 


(/ + in — n){ n +1 — m) 
2 (n + tn — I) 


y= ± 


v' 


U 4~ in — n)( m +Ji~ f) 
2 [ti +1 — in) 


z — 


= ± 


v/ 


(/;/ + n — l){n + l — tn) 


Ex. 7. Solve xyz 


2 (/ 4- m — 

_ 2? + Z z _ 2 “ 4- a: 2 _ a: 2 4- y z 


a 
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From the equations -~ + -~=a ! 

SV AV I 


~ + = b ) 

xy y Z 

* y _ } 

4- --c 


(A) 


by adding together 2^ - + ’ V + - S \ = « + /, -f c 

\yz zx xyf C ’ 

and subtracting from this twice of each of (A) we get 

—7 i ) 

— o ~t~ c — <t • 

y z 

2 v • 

J =c + ra-& !•.(Bl 


~'=c + a~b \ 
zx ! 


2Z - 4-A 1 

— cr ~rb — c \ 

*y I 

Multiplying the results (B) two by two, we get 

~~2 ~ (c + a —b )( a -f b—c)’ 

4 

722 = (<* + b — c) (b ± c — a) 


whence 


^2 = (b -h c — <7 )(c 4- a — />) 

nee a: = ± - -=^ -_^_ 

\/(c4-a — b){a + b — c) ’ 

= ± — _ 

v/(a + 6 — cj(6 4- c — a) ’ 

y/ib + c — a){c + a — b) ‘ 
Ex. 8. Solve (x + y)(x + z) = 40 ) 

(j> + -z)(y + ;r) = 35 J- . 

(z +x')<z + 3 ’)= 56 J 
Multiplying together 

U + y) 2 b + 2/^ + .r) 2 = 40x 35 x 56 
**• (x + y)(y + z)(z + x)= ±280. 

Dividing this result by each given equation, we get 
y + z= ± 71 
z+x— ±8 } . 
x + y = ±5) 
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1 


5. 


These two sets of simple equations give 

r=±3, y — ± 2, z=± 5. 

EXERCISE IX. 

Solve for the variables: 

*- + / + 2.r—3j>=35 2. 3.r- ) +5y- + 4^ + 3y = 9 

v ;: - y 2 + 2 j: + 3y= 35 3x' + 5y + 2x - 4y-14 

v-+ v’ + ^:-y=5fl 2 + tT 4. 2 jc + 3y + 6.ry=l 1 
( v -+ \. 2 )f.r —y) = 5« 3 . 4jr + 9y 2 +12xy=36r 2 y - 

6. xy = 24 - a- - x‘ 

= 32 — y — y~. 

8. xy = x + y 

2 2 
= *v — 3 1 


xy = 133 — r 2 —y 2 
\ / .vv= 19 — x — y. 

7. (.v-2) 2 + (3’ + 2) 2 =17 

(at — 1 ) 2 4- ( 3 ’ 4- 1 ) 2 = 1 3 • 

(9* 4- 35 ) (a: 4-3>) — 

(9r — _v)(a: — 35 ) = 33 
2(at 2 + 3» 2 ) — 6Ay + 3f.AT + y)=44 

.v 2 4- ’ — 4.Y3’ 4* 5 (a* + 3’) = 3 2 

Vv 2 -v 2 + .y=8 12 xy + x + y=U 

V * =1+, ^ + >0 = 30 


9. 

10. 

11 . 


13. 


14 


15. 


16 


17 


18 


V 


3’ 


4- 


V/ 


\' xy * 


Vxy{x + y) — 78 

3xy — 4(* + 3’) = 0 

* 2 + 4 = 2 { 

V AT" 3’ AT 4 

x-y= 2 


V^4-y4- v' a: — y =4 

AT 2 — y 2 = 9 
6 

6a: 4- 5.v — 


3a: 4-435 — 


, - S y= 29 k 

3 -- 4 „ 18 ? 
Y 35 J 


2.r 2 - xy + y 2 =2y 

2x 2 4- 4a:35 = 5 y 
x-y 2 A:4-y = _ 2 -- 
a : 4-35 3 a : —35 15 

7a: 4- 5j’ — 29 


19 . 
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20 

* 2 + « 2 = 

y 2 J t-h z = (: 

i*4- v) : 4-(<7 

-b) 2 


21 

*= + y 2 = 

2f>x 

3 y 

22. 

• 

()'-:)(s4.v) 
(z 4-.v)(-v - y) 

II II 

^ to 


7 ■*» 

15 y 


(x — y ) 1 y — c- 1 

= 6 


V” - y- = 

2x 




23 

xy = x 4- 

y 

24. 

.v 4- xy 4- .vs = 

= 4o 


zx=2(z 

+ x) 


y~ 4- yz 4- yx = 

■75 


yz = 3(y 4- z) 


z~ 4- z v 4- c y — 

= 103 

25. 

2yz 4“ x~ 

7 7 

-y —*- = 

: 3 




2 zx — x~ 4- y — z 2 — — 9 
2 xy — x — y l + z 2 = — 3 


Miscellaneous Questions I 


^ 1. Solve the equations : — 

(*) 15x~*~ 8 + ^=0 it*)’ 2- i + 5 -32 2‘+l = 0. 

(m) (4 a:” — 9x+ 1)"4- 7(4 a*" — 9a: 4- l) 4-6 = 0, 

* (tv) Vx~ — 8* + 15 4- Vx~-\-2x~ 15= V 4a:” — 18.v4- 1 3 

x~ — 2.x — 3 

2. Find the limits between which 2 ~Hf 2 %+1 ^ oes 
not lie for real values of x. 

3. If ct, (3 be the roots of x~ 4- 4a: 4- 3 — 0 show that 

I 4—— and 1 4- ~7r are the roots (if 3.V — 1 6x 4-16 = 0. 
a ft 

9 

4. Find the least value of x~\ -when x is real. 

x 

5. Evaluate (2 4- 3 v/ — 5) " 4- (2 — 3 V — 5)' 

6. Show that the roots of 

{x — b){x — c) + <x-cYx — a) + (x — a)(x — b) = 0 are real and 
that they cannot be equal unless a = b=c. 

7. If the equation 

has a pair of equal roots, show that either one of the 
quantities a , b equals to c, d or else 

A. + 1_ = JL + .X 

a b c ^ d' 
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8 Show that the least value of x --— ic 4 

x — 2 

9. If the equations x z -- 7x a = 0 and x : — 9x + 2a = 0 
h've a common root, show that it is 0 or 5 


10. If the equations ax z + bx 4-c = 0 and 
<i c-— b'x + c—0 have one root the same but of opposite 
sign, show that the other roots satisfy the equation 


h 

(I 



+ * + 



Lei 'i , ft and — Y be the roots. Then a -4/3 = 


b’ 


a 


aft = ' . Y-a = - 
values of ft 4- Y and ft Y.] 


, , Ya= - 


a 


Now find the 


1 1. If the equations ax~ 4- bx 4- c = 0 and px 2 + qx + r=0 
nave a CJinm )n r ) )t, and if the other foot of the second he 
the square^ of the other root of the first, show that 
abcpr 4 <i ; “ 4 - c'p ~ 0. 


'Let a, ft and a, ft be the roots, then a4-/3 =— 9 

. a 

l, ft — ({ * a ft ‘ = p. Eliminate a and ft ] 

12. Discuss the nature of the roots of the equation 

ax — 2bx -f c = 0 

13. If one root of ax z + bx + c = 0 be the square of 
the other, find c when a = 8, h = — 3Q. 


14. II a, ft be the roots of the 

find thp value of 

/) ( 1 4- .4- a )(] -f ft + [i ) and 

where w is a cube root of unitv. 

m 

15. Solve t he equation 


[F. U. 1931], 
equation x z + lx + tn = 0 

tt) (nut + le ,~ft )(zv 2 a-hwft ) 



' -‘ '+3.r +3.V + 2- , 2 v.v 1 + 2x~+ 2x+ 1 
. 5.v 4- Zyi _ 13 

‘ 5i - 1 ~ 8*4-3vt hnd A and y- 
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y 


^17 If ct, /3 be the roots of x z — 2ax-V hr — 0 and <x\ ' 

those of .v 2 — 2cx + dr = 0 and if <xa'4-/3/3' = 4/r prove that 

/ ..2 1 ?\/ 2 - o \2 


and 


(r? 2 - 6 2 )(o 2 — <F; = (<?c — 2/>")“- 

[Evaluate ( a 4-/3 )(<*'4-/3') 4-(<* —/3 )(« —/> ) 

substitute]• , , . , 

18 If a± v//3 be the roots of *“ 4- px 4- <z — 0, show 

that- 1 -± ~Tn are the roots °* (/>"~ 4'/)(/ > “ v “4"+A-) == 16< 7- 

, 19 Find the quadratic equation whose sum of the 

roots is a and the sum of their cubes is 6\ 

20. If ar>hp show that the greatest value of 

ax -f b 


a 


(px + r) z ,S 4 p(ar-bp) 

21. Solve the equations : 

i) a*V+ 5jf y = 84 

x~y = 6 


/ ( 


(•it) * + y+3(*+y) — IS 

.r‘ - j>- = 9 

(in) ,v 2 + 4>--- 15jt=10(3y-8) 

*>• = 6 


) [Solve the first e quatio n as 
quadratic in v'kv-by.l 


[Make the fust 
equation a quadratic in 

*4-2 y.) 


{iv ) *yz = 231 
Ayrf— 420 

xzw = 660 

yzu> = 1540 _ 

22. Show that tlie equations ax 4-6* -r c —0 and 
c*- —6*4"d = 0 are such that the roots of one are the 

negative reciprocal roots of the other. 

23. For what value of A will the equation 


-JL + _!^.= o 

; ? C x-t 1 * * — 3 

have a pair of equal roots ? 

24, Show that the roots of the equation 
a 2 x*+(2ac — b 2 )x + c 2 = 0 are squares of the roots of the 

equation ax'~\~bx~\~c 0. 
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25 

then ? 

' 26 


If the expression is less than 


uni ty. 


x> -3. 

Solve the equation 

1 ^ 1 
x 4-4 x + 5' 
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CHAPTER IV 

Partial Fractions 


£5* Tne student is already familiar with th© process 
ot compounding or simplifying a given number of frac 
uons connected by the signs of addition and subtraction 
into one. \\ e shall now consider the converse process 
of decomposing a given fraction into simpler ones. These 
simpler fractions are called Partial Fractions. 


and 


For 
1 


instance 


+ ~k = 


3*4-4 


x~2 x + 3 x* -b x — 6 


Here 


x 


3 v + 4 

To are the partial fractions of -r~. - 

+ 5 x" i x 6 



We know that the simplified form of a given number 
of fractions has for its denominator the L. C. M. of the 
denominators of the given fractions. Conversely, there¬ 
fore. the partial fractions will have denominators whose 
L. C. M. is the denominator of the given fraction. Our 
first and foremost effort will, therefore, he to find all 
possible factors having for their L. C. M. the denominator 
of the given fractions. 

According to the factors of the denominator I-•in¬ 
different cases may arise :— 

1. All the factors may be linear and unrepeated. 

II. All the factors may he linear, one or more of 
them being repeated. 

III. There may be quadratic or higher degree factors 
unrepeated. 

IV. One or more of these quadratic or higher degree 
factors may be repeated. 

We shall take these cases one by one and illustrate 
the process of decomposition into partial fractions by 
examples. 

It should be remembered that by a proper fraction 
or more simply a fraction we mean only such a fraction 
whose numerator is less than the denominator. If the 
degree of the numerator is greater than or equal to that 
of the denominator we can by ordinary division split a 


5+ 


remainder , 

given fraction into the form : Quotient + dlv j7 or wnere 

the degree of the remainder is less than that of the 
divisor. 

1 x 4 js not a proper fraction for 

x' + .v + 6 

the decree of the numerator is greater than that of t e 

9 r 4-1 4 / 

dep.om.nat >r. By actual division, it -x~\~2 ^ 4 . A . + 5 • 

q r _h 14 

Mere the part o', , ^ is a proper fraction. 

x + .v + 6 

Ex. 2. f ?-? x - + A is not a proper fraction since 

x t4x 45 

* ho ( |ocr r e^ of the numerator and denominator the same. 

3Br+17) TI 3(.r+17) . 

By .ii vision it— 1 4 r -_|_ 4r _ 45 • Hete , r J + 4 .r - 4 5 

proper fraction. 

26. Case I. The denominator having linear but a 
noo-repeated factors. 

Ex. 1. 


Split —v into partial fractions. 

1 at + x — o 


We havi! 


3.v 4- 4 

x 2 + x — 6 


Eei 


3 a* 4- 4 

v a" 4” 3) (.V 2) 
A B 


+ 


3 a.- 4- 4 

(x 4- $)(x — 2) .r + 3 ' X-2 

3.r + 4 A (at ~ 2) 4* B{.r4-_3) 

lhen <* 4 3)(a -2) _ '(x 4 3 ‘(.r -2) 

3* + 4«- \ix — 2)4 B(.r + 3). 

3.r44s. r (A4B) + (3B-2A). ^ 

In this 1 ndentitv, which is true for all value, ot x, 
put ,--3an(U=2. When .r -3. we get A-l and 

when .v = 2.we get B = 2. 
fIence 

3.V + 4 __ J_+ 2 

-2 ' 


.r+3 a: 


at ' + .r ■“ 6 

Miter : From identity B) we have by Art. 11, on 


• - 

equating the coefficients ot like powers of x 9 


55 


3 = A + B 
4= -2A + 3B. 
Whence, A = 1, B = 2 


Ex. 2. Put into partial fractions 

6x^+ 18jr 2 +10.r 
(2 a*4“ \)(x + 2 (3.r4-2) * 


Here since the numerator is not of lower decree than 
(he denominator, we have 

6ar 3 4-20^ 2 4-10.r = b.v 3 4- _2CjxM- 1 Ox 

(2x 4- 1 ){x 4- 2)( 3.v+ 2) 6* 3 +19.r 2 + 1 6x + 4 

i * 2 ~ 6 * ~ 4 

“ 1 + (2i+l)(* + 2)(3jr + 2) ' 


We shall now break ?2 ^ + ^ +W(3. r + 2 ) 
partial fractions. 

x 1 — 6x — 4 _ 


^ A + »_. + C 

(2*+l)(* + 2)!3.v + 2) 2x+l x + 2 3x + 2 


Let r- 


A(x+2)(3x+2) + h<2x+1)(3 x+2) + C'2x+Vtx + 2) 

(2x + 1 )(x + 2)(3x+2) 


: . x l - 6x - 4= A<A + 2 )f 3* + 2) + B(2* + 1 3x + 2) 

+ C(2* + l)(* + 2). 

From this indentitv when x— we Ret A — — 1 

when * = —2, we get B = 1 ; and when x= ~‘i, we get 

C= -1. 


Hence the given fraction 

~ l + 2x+\ x + 2 3x + 2 

Note .—To find (he numerator of a partial fraction, wbohe 
denominator is a faotor of tbe eiven fraction, fubptitute the value 
rr t bv equating the c^rreppondir g denominator to zero, m the 
identity except- in the faotor wHcb i- the donrminator of the partial 
fraction. The value so obtained is the required numerator. 


Thus, let be a proper fraction and let v a be a 

factor of F(x). 


I 
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Then 


R(x)__ R(x) 


¥7^ - Tx - a'Ax) where F M = (x-a)/(x) 


Assuming 


RM- R(r) A 

F(.r) (a — <*)/(*) at — rz /i.r) 


the value of A is 


RM 

FfaJ 


t - ,2 2 A R 

b x ci in pie : -— — =— Si - 1 _ R 

V — 5x + 6 (x — 3)(x — 2) x — 3 a* — 2 


The value of A = 


2 


3-2 


= 2 


ann 


B =^i= ~ 2 


I 1 encc etc. etc. 


Exercise X. 


Find tne partial fractions of : 

2.r 4-3 _ 


1 


1 1 
13 


14 


x* + 3.v + 2 
lx- 1 

6 at — 5a- 4- 1 

x 

(3 - A-)'. 3 +2a-) 

6 x ’ + 5 v- - 1 2 a- 17 

2a r + A:-b 
34 v — 9 v -f- 16 
\2x - l lx— 1 5 
1 3 - 1 Ox 4- a: 2 


3 AT 4-1 

A" 1 

8a--33 


1 2 at - lx - 10 
1 -Kv;_ 

*U 2 -1) 


8 


10 

12. 


2 v 


(.r’ — 5 a- + 6)(a — 1.) 

1__ 

(1 — a x){ 1 — bx}{ 1 — ex) 

2AT 2 r __ . 

Iv +2).r z -t-3) W, " / - 


a 3 - 2a: 2 -.r + 2 
/>.v 4- (/ 

(.r ~rt)(.r + ^) 

. » 1 ~ 1 Oat 4- 2x 2 

(r —4) a — 5)\x — 2)\x—l ) 


Put a 2 ==■ y ■ 


men 


pi 11 



1 5 x ° + 3x*-_Sx z - 22 

(^4-2) (a: 3 H-3j (a 3 +4) 
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27. Case II. The denominator having linear 

factors one or more of which are repeated. 

c* i t-. i 9 a 3 — 24 a" -f +S.Y . • , r 

tx. 1. Resolve*-partial fractions. 

\.x — 2) (a* + 1 ) 

Put x — 2 = y so that x — y+ 2. Then 
9,r 3 - 24 at 4- 48a: _ 9 {y 4- 2 ?- TMy+2) 4-48(y4 - 2» 

U-2) 4 U+1) " y*(y+~ 3) 

_ 7 2 4- 60y T 30^ 4 - 9y* 

y 4 (34-y) 

Pet us divide the numerator by the factor 3+y of the 
denominator. 

Thus 34-y) 72 + 60y + 30r + 9.v 3 (24 + 12r 4-6y 2 4-y 3 

72 + 24 y 

36y-f 3y 2 
3by4-1 2 y 

1 8y 2 4-9y J 
18y J 4- 6y' 

3 i 3 

3 y J 4- 3 ’ 4 

# 

— r 


i 


the given fraction 
— { 24 + 12y 4-6 v + y ~ 


3 ’ 

24 . 12 , 6 , 1 

— t —+ --r4 


l 


y 


V 


3 4-v 


24 




I 12_ .h , 1 

4 ^U-2) 3 Lr-2r r-3 


1 


a-4- 1 

process of division 


U-2) 

Notice that we stop th< 
when the remainder is of the same degree as that of the 
repeated factor of the denominator. 

Oi* thus. Noticing that all possible powers of the 
repeated factor can be used to get the required L. C. M., 
suppose that 

9 at 3 - 24a 2 4- 48a A . K C . 1> 


(x — 2) 4 (* 4-1) 

+ g _ 


x+l + x-2 + U-2V + (*-2Y 
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So that 9x 3 — 24.r 2 + 48.\:=A(.v — 2) 4 + B(.r+ \){x— 2) 3 
+ C(f+1 )(.v - 2) 2 4- D(.rH)(.v — 2) + E(x+l). 

In th:s identity if we put x= — 1, we get A = —1"7 
and x = 2 gives E=243-* 

Also comparing coefficients of .v 4 we h ice 0 = A+B, 
whence B = — A = 1 : «. ^ 

Comp i ring coefficients of a: 3 we have 9 = — 8A — 5 B 4- C 
whence C— 6 

and comparing coefficients of .v" we have — 24 = 

24 A 4“ o!3 — 3C 4- D. whence 0=12. 

Thus the given fraciion 

1 . 1 


_I_ 1 i h 

x 4-1 x — 2 <x — 2 ) 


Ex. 2. Put into pariial fractions 


Pet 


lO.r 5 — 4 2 a*“ 4- 4S \— 35 
(x — 2)\x 4- 1)“ 

+ . D .+ 


(x -2 y r 

10.r 3 — 42.r ! + 48v — 3 5 
(.v — 2) 3 (.r + 1 

A- + I i— -I C 

at-2 t (*-2.i-^ (x— 2)~ 


(x+ 1) r (a- + 1)’ ’ 
so that 10.v 3 — 47.V 2 + 48 a: — 35^sC.r + 1)‘{ Afar — 2) 1 + B (at — 2) 

, , , +C} + (.v-2) 5 {DfA-f 1) + E>. 

Jn this identity if we put at = - 1, we get E^-5; and 

■ r ~-.~ l% ‘' s e— —3. Al-o comparing the co efficients of 
.r , .v and absolute terns on both sides, we have 

0 = A 4- D 

10 = -2A4-B-6D4-E 

- 35 = 4A — 2 B 4- C — 8 D — 81 

i- cc, A 4-0 = 0 

- 2A 4 B-„D = 5 
4 A - 2B - 8D =8 

giving us A = 1, B = 2 and D = — 1. 

Hence the given fracrion 

1 _ 9 3 1 

• r ^ '.v— ’} v.v — 2) 3 ,r4- 1 ~^"(a:4-1J“‘ 

Or thus. Suppa^e that 

10a* ' - 1 2x~ 4- 4 S.v — 35_A.v J 4- B,r 4- C , D.r4-E 

o f , n S*-2Y { x+\f ' (x-2? + (*4-l) 2 

So that lO.v -42Ar 2 + 48.r-35=f.\Ar-+BA: + c)(A:+l) 2 

4- (D at 4- E) (x — 2.) 
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Comparing tbe co-efficient? of different power? of x on 
both sides we have 0 = A4-P 

10 = 2A4-B-6D4-E 
-42=A + 2B+C + 12D-6E 

48=B+2C - 8P4-12E 
— 3 5 = C — 8 K 

From these equations A = 1, B = —2, C = — 3, D = — 1, 
E — 4. 


Thus 


10.v 5 — 4?ar 2 -f48,r -3 5 
(.v - 2 y(x + 1 ) 2 


,--2.r-3 + -* + 4 


(x - 2 


(*+ir 


To split put x — 2 = y so that .r = y+2. 


2 ) 


a: 2 — 2 x — 3 _ (j 4- 2 ) 2 - 2(y 4- 2) — 3 __ y~ ± 2y - 3 
1 hen 'Tx — 2) 3 ” v 5 y* 


1 . l -1 - 3 

— r j 3 • 

3 ' y y 


X 


l 

— o 


4- 


f.v-2)" (.r — 2) 




Also to split jfyp- Pttt a- 4 1 — c so that .y 


= z — 1 


Then 


— x 4-4 

(i + 1 r 


— (z ~~ 1)4“ 4_ z 4-5 

^ " V 


= - — 4- - D 2 
2 2 


= _ _L + 5 

> « 1 


i+l " (a-4-1) 2 ’ 


Hence the given fraction 


1 


x-2 


4-/ 


~^(x~-2)~ {x-2) 1 x+1 (*+l)' 


0 
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Exercise XI. 

Resolve into partial fractions. 



1. 

9 

2 

10 -3a: 2 —3a: 3 4-a: 4 

(a* 4- 2) (a- — IV 

*>-3)1*4- l) 2 * 

3. 

5 a 3 4- b .r' 4~ 3 a 
(. r — 1 )(* 4* 1 ,4 

4. 

1 0 — Sx 2 4- 3 x 

U-1) 4 • 

5. 

7 at 4- 4 

6 

3 — 2x — x' 

( 24- 3a*)' 1 4-nr) 2 

(1 — 4.v) 2 ( 1 +x). 

7. 

1 x 4” 2x ' 

8 

Sx‘~ 10x , -27.v 2 + 16.v^ 

( ' 

"(x+\/(x-\) i 

Q 

31 - 3 1 .v 4- 1 O.r - 

i 

.V 


y. 

N 

rO 

1 

> 

""i 

CM 

l 

•< 

• 


10 

3.v 4 - .v - 2 
(x - 2 r( 1 - 2x\) 

• 



28. Case 111. I he denominator having a quadratic 
higher factor unrepeated. 


Ex. 1. 


W hat aie the partial fractions 



Now 


_ ^ 
x 

,V 3 +S 


Let 


(x~\-2 ) x 



2x+ l) 



(x + 2), ‘ — 2.r + 4 ) * 
Bx 4- L 
"->*4-4 * 


so that &=— A(x“ — 2a* 4* 4,' 4* ( Ba*4- C)(.r4"2h 

In this identity put .v — 2, then A —; also equating 
the co-efficients of .r : and a on both sides, we have 

0 = .\+ll 

and 0 — 2A+2IJ + C 
whence we get B — — and C - ", 

Hence the given fiaction 

— ] _ — » a .Tji 

a- 4- 2 at — 2.r 4- 4 

^ ._2 2(.v — 4 ! 

3U+"2) + 3(>- 2*~4-4L 
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Ex. 2. Find the partial fractions of 

4 a- 5 - 1 2a 2 4-9 a-6 
(a 2 - 3a* 4- 1 )(a 3 + 2a- 2 - a- 4- 1 )‘ 

T 4jc 3 — 1 2a 2 4-9a* — 6 __A a 4- B 

et ( a* 2 — 3a 4-1 )< a 5 4- 2a 2 — a 4- l) — a 2 — 3a 4-1 


/ 


4- 


Ca 2 4- Da 4- E 


A 3 4- 2A' 2 — A- 4" 1 
so that 4 a 3 — 1 2a* : 4- 9a — 6 ==• (A a 4- B) ( a 3 4- 2a 2 — a 4-1) 

4-(Ca* 2 4- Da* -+- E)(a*“ — 3a 4- l). 

In this identity comparing the co-efficients of the like 
powers of a* on both sides, we have 

0=A4-C 

4=2A 4- B — 3C 4-D ' 

— 12 = — A4-2B4-C — 3D4-E' 

9 = A-B4-D-3E' 

— 6= B 4-E. 

These equations give A —2, B — —5', C = —2, D = — 1, 

E = -1. 

Hence the given fraction 

_ 2 a — 5 _ 2a'“ — a — 1 

“ A 2 - 3 A + 1 A 5 4-’2 a 2 - A 4- 1 • 


29. C ase IV. The denominator having one or more 
quadratic or higher factors repeated. 

c c I-* 4 a 4 — 21a 3 4- 12a 2 4-43a4- 10 . , 

Lx. Split t —2 — n\v TV into partial 

(a —3a— 2) (a— 1) 

fractions. 

4 a 4 -21a 3 4- 12a 2 4-43 a 4- 10 
Let (a 2 — 3a— 2) 2 (a— 1) 

A a 4- B , Ca*4-D , E 

“(a 2 -3a~2)- a 2 -3a4-2 + a*-T ’ 

so that 4a 4 — 21a 3 4- 12a" 4- 4 3a 4-10 

•« { Aa4- B 4- (Ca4* D)(a 2 — 3a — 2)Ha — 1;4- E(a 2 — 3a — 2r. 

Comparing the co-efficients of the like powers of a* on 
both sides we get the equations 

4 = C 4-E 

-21= - 4C4-D-6E 
12 = A 4- C — 4D 4- 5E 
43 = A4-B —2C —5D4-12E 
10=—B4-2D4-4E, 


62- 


giving A — 0, B = 4, C = 1, D = 1, E — 3. 

Hence the given fraction 

r.r"-3.v-2) 2 + .r--3.v-2 .r-1 ' 

Exercise XII. 


Put 

into partial fractions 

1. 

■J 

x - 

* 

2. 

3. 

1 - ,r 4 .r 
(.v — 1 ) J (.V 2 4- 1) • 

4. 

5 

2x 4- 1 

(.r — \){x 2 +\f 

6 

- 7. 

0 

x~ 4 3.i‘ 4~ 1 
a: 4 4- .r 2 4- 1 ' 

8. 

9. 

1 

(x 2 4- .v 4 2)(.v 2 4 a 4- 1)' 

10. 

_2— 3.r 

(x— l)'(r-A:4 1;* 

11 

12. 

1 


x(x 2 + i p • 



7 -4- 3x — 2x~ 
Cr 2 4-i)(H-3) ’ 


4 4- 3.r 4- 2x z 



3 ~ 2 at 2 
(3 — 3at + a: 2 )"’ 

2 4- .v — 2-v 3 4- .v 4 
(1 4 -at)(1 4- x 2 ) : * 


x* 4- 5x 2 4- 4 
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CHAPTER V 

Arithmetical Progressions. 

30. Definitions. Consider the following different 
collection of numbers: 

(1) 1, 2, 3, 4, 3. 

(2) 4, 7, 10, 13, 16 . 

(31 1, 3, 9, 27, M. 

>4) 1, h -}, i,. 

(5) 2, 7, 10, 13, 34,. 

Each of the first four collections are framed accoiding 
a particular definite law. Each term of (l) is got by 
adding 1 to the preceding term In (2) any term increased 
by 3 gives the next term. Any term in (3) is three-times 
the preceding term. The reciprocals of the terms in (l) 

constitute the corresponding terms-in (4). But in (5) no 

such law can be discovered. 

Any collection for set, as it is called) of numbers 
following a certain do finite law is called a sequence. 

Series is a set of numbers following one another 
according to a definite law and connected together by plus 
or minus signs. Thus 

(a) 2 + 6+10 + 14 +. 

(3) 4 + 16 + 64 +. 

(c) 3 — 5 + 7 — 9+ 11. 

are examples cf series. 

If the number of terms in a series is finite i. e if a 
series ends in a certain term, the .-eries is called terminat¬ 
ing or finite. 

But if a series is such that each term is followed by 
another and there is no last term it is called infinite. 

Arithmetical Progression is a scries or sequence in 
which terms increase or decrease by a common difference. 
For example the sequences 

2, 7, 12, 17, 22. . . 

16, 12, 8, 4, 0, -4, -8,. • 

a t a-\rd y a~\~2d, a-\-3d, . 

kre all in Arithmetical Progression. 
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We shall often write A P. for Arithmetical Progress¬ 
ion ; and the letter I will be used for the word term, so 


that T], T 2 . I 3,. T P will mein the first term, second 

term, third term. pth term respectively. 


31. To find the nth term of an A. P. whose 
first term and common difference are given. Suppose 
that the first teim is u and the c iinmon difference is d . 
Then 

Ti = <i ; I's — a + d = ti -h (2 — 1 )d ; 

T 3 = (7 4- 'Id — a +• 3 — 1 )d ; \\ = a 4- 3d — ii + (4 — 1 )d : 
and so on 

It is ev ident that the co-efficient ol d in any term is 
the suffix of the corresponding T decreased by unity. Hence 

T„ = t, T in — 1 )d. 

If / be the value of the »th term of an A. P. whose 
first term is a and the common difference d , then we have 

/ = a + 1 n — 1 ui. 

Cor. The nth term ot the sequence a, a — d, a — 2d, 
a — 3d etc. is a — ( n — 1 )d. 

Ex. 1. Find the 21st term of the A. P. 5, 8, 11,. 

Here <r — 5 and d = 3 

.*• T :l =<7 + 20^ = 5+20 x 3=65. 

Ex. 2. Find the 9th term of an A. P. whose +th 
term is 15 and 13th term is 33. 

Let a be the first and d the common difference of 

the A. P. 

Then we have l3=T* = cz4-3d£ 
and 33 = Ti3 = «z 4- 1 2d. 

These two equations simultaneously give a = 9 and 
d = 2. 

ro = n + S ( / = 9 + 6X 2 = 25 

Ex. 3. What term of the A. P. 3, 10, 17, 24.is 

13b. 

Let 136 be the rth term. Then since a — 3 and d — 7, 
we have 

136 = T r = « + (r— 1 )a 
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= 3 4- (r — l)7 - 

whence we get r= 20. Hence 136 is the 20th term. 

, Ex. 4. Find the A. P. whose nth term is 2//- 7. 

In the given expression if we put ;/ = l, 2, 3, 4.in 

succession we get the first, second, third, fourth terms 

of the A. P. 

Hence T] = 2*l — 7= — 5 
1\= 2-2 —7= —3 
13 = 2-3 — 7= — 1 
T« = 2.4 — 7= 1. 

Thus the series is — 5* ”3, —1, 1, 3,. t Zn — 7. 

32. To find the sum of n terms of an A. P. 

Suppose that S is the sum of n terms of the A. P. 
whose first term is a and the common diff erence is d. Then 

S=n4-U4-(/)4-U + 2d)4-.+ (cr4 -n - Id). 

If / be the value of the nth term, then 

(Z +w — \d — l 


an — 2d — l — d 

a 4* ii - Z>d = l — 2d, and so on. 

Thus the above equation is the same as 

S = a 4-(<r 4-rf) 4-(rr + 2<l)4-...4-(Z -2d)-\r(l — d) 4-/...(l) 

Writing the right-hand side of (1) in the reverse order, we 
get 

S = /4- (/ - d) 4- (l — 2d) 4-... 4- (a 4- 2d) 4- (a 4- d) 4- a 

Adding (l) and (2) together, we get 

2S = (n 4-/) 4- (o4-Z)4-(rz 4-/).to n terms 

= n{a 4-/) 

S = -y(«4-.(A) 


( 2 ) 


Also substituting the value^pf l , we get 

n 


S = “^-(2a:4-«— Id) 


(B) 


The formula (A) gives the sum of tt terms when the 
first and the last terms are known ; whereas the formula 
(B) gives the sum of n terms when the first term and the 

common difference are known: 

Ex. 1. Find the sum of the first 23 terms of the 

A. P. 3, 6, 9, 12,. 
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Here a = d = ?> and n = 23. Thus if S be the re¬ 
quired sum, then 

S = ~{2a + (n-l)d) 

= 2 2 3 (2-3 + 22-3) 

= 828. 

Ex. 2. Find the sum of 52 terms of the A. P. whose 

7th term is 24 and 12th term is 19. 

Let a be the first term and d the common difference. 

Then 

24 = T 7 = <z 4- 
19 = Ti2 = o4“l 1 d 

whence we pet <z = 30, and d— 1 

/=T 32 =30 + 51-( - 1) 

= - 21 . 

Hence if S be the required sum. we pet 

s= y*+n 

= 5 2 2 (30 — 21) 

= 234. 

Ex 3. Find the number of terms and the common 
difference of the \. I*, whose sum is 210 and whose first 
and last terms arc 7 and 35 respectively. 

Here we have S—210. a = 7, / — 35, to find n and d. 

Thus the formula S— ^ +/) gives 

210 — ” (7-4- 35) 

-** ti — 10 ; 

and the formula / — a 4- (n. — 1 )</ gives 

35—7 4- 9d 

y - 28 .. 1 

d~ Q -3 q . 

Hence the number of terms is 10 and the common 

d’fferenoo jo 3 1 

If the surr. of n terms of a series be ft“4-2n, 
shc*<that it is an A P. and find it. 
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The sum of n terms = «* + 2n 

The sum of ft—1 terms = (n — l) 2 + 2(« — 1) 

= ;r - 1 

the nth term = («" + 2n) — (n~ — I) 

— 2 n + 1. 

Putting // = !, 2, 3, 4, ...in succesion we get the 

successive terms of the series. Thus the series is 

3 + 54-7 + 9+11+ . 

which is an A. I\ with common difference 2. 

Exercise XIII 


\ The first term of an A. P. is 7 and the common 
difference is 2, find the 7th, 22nd and (i/-l)th terms. 

2 . Find the 29th, 47th and (r + 3)th terms cf the 

A. P. 39, 35, 31, 27,. * 

3 . What terms of the A. P. 3, 11, 19, 27. etc are 

67, 99, bit - 5, and 1 6r - 21 ? 

4 . The first term of an A. P. is 3 and 7ih term 39, 

find its 5th, 12th and pth terms 

5 . The sum of the 2nd and 7th terms of an A. P. is 
25, and the sum of the 5th and 18th terms is 67. Find 

the A. P. i 

6. The 3rd and the 9th terms of an A. P. are -2 4 

and - 5*, find its 15th term.' 

7 . The 3rd term of an A. P. is 3 and the 11th term 

is —21 ; what term is zero ? 

8 . The (m + 2)th term of an A. P. is 5m + 1 ; find 


its 4th, 17ih and mill terms. 

9 . Sum the following series :— 



2 + 4 + 6 + 8 +.to 17 terms. 

3 + 8 + 13 + 18 +.to 30 terms. 

l + ? + 2 + 5 + 3 +.to 27 terms. 

7j + 9i£+ 11J3+13H +.to 12 terms. 

— 81 — 78—75 — 72 —.to 55 terms. 

21*2+18 3 + 15*4+ 12*5 +.to 47 terms. 

-L+ ^-+ —+— +.to 20 teims. 

X X X X 



|+T + -6 + il +. to n terms. 

(//- l) + (n-2) + (»-3) / ...to n terms. 

(P. U. 1925) 
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ti— 1 , n — 2 . n — 3 . 

' v * - h - r -r .... 

it ti n 

1 0 Find the sum of the series :— 

|| > 17 - 1 . + ! 4.’ +10;"; + ... — 59}. 

” 1 + X 3 2 + 1 - V3 + . 

(Hi) 1 +" +l + 2 " + 1 +.+ 

It H It 


(iv) 105+ 103+ 101 +.+ 45. 

1 . 3 . 5 . . 109 


to ti terms. 


n 


1 + 16 v/3 
2 

— ;/ + 1 
n 


(P. U. 1917) 


(v) L + ~ + - +.+ 7 • 

1 1. Find the sum of (i) the first 60 natural numbere, 
h'i) the first 15 odd numbers (///) first a even numbers. 

12. The 511 1 and 9rh terms of an A. P. are 9 and 12 
respective!v. Find the sum of the -first 17 terms. 

13 . The firs', thir l and tne nth terms of an A. P. 
are <r, b , c re«pectively. Find the sum of the first n 
terms. y 

14 How many terms of the A. P. 

* (i) 4+4i + 4l+ .give the sum 79 ? 

[ ii) 6 + 9+12 +.give the sum 897 ? 

(Hi) 27 + 25 + 23 + 21 +.give the sum 171 ? 

Explain the double answers. 

15. The first term of an A. P. is 3 and the common 
difference 2. If the sum of the first n terms be 1935, find n. 

16 . I low many terms of 17 + 14+11+.amount 

to - 190 ? 

17. Find the sum of all the numbers of 2 digits each, 
which are divisible bv 6. 

18 . Find the sum of the »/ terms of the A. P. whose 
(+ + 9)th term is 4r+5. 

19. The sum of n terms of an A. P. is 2;t 2 + 
Find the first term and the common difference. 

20. The sum of n terms of an A. P. is a« 2 + 6» + c. 
Find the first term and the common difference. 

21 . In an A. P. the ratio of the sum of the first 5 terms 
to the sum of the next 5 terms is 9 : 29 and the ratio of the 
3rd term to the 7th term is 9 : 25. Find the sum of 
the n terms. 
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22 . Sum up the series 


(t) 

1 + 1 +- 1 ~ + 

1+ s/a- 1 - .V 1 - v 7 * ••• 

. .to n terms. 

(ii) 

(a + xY + (« J -F.v 2 ) -H «r — x 4- . 

.to 15 terms. 

(Hi) 

a — b , 3 <7 — 2b , 5.7 - 3/> , 

<7 + /> u-\~b ii~\~b 

. .to n terms. 

iiv) 

3/7 — 2 | 3/7 — 5 | 3// — 
n n n 

.to // terms. 

(v) 

2x — v , 3 a — 4 v . 4a- — 7y . 
x 4- y x 4- y a- 4 -y 

.. .to (a 4- y) terms. 


23. A polygon has its; interior angles in A. P. If 
the least angle be of 120° and the common difference 5 , 
find the number of sides. 

24 . A debt can be discharged in three years by pay¬ 
ing Rs. 5 the first monrh, Rs. 8 the second, R<. 11 the third 
and so on. Find the last payment and the amount of debt. 

25 . A class consists of boys whose ages form an 
A. P. with common difference four months. If the 
smallest of them is just eight years old, and the total sum 
of ages is 168 years, find the number of boys. 

33. Arithmetic Mean. Of three quantites in A. P. 
the middle one is called the Arithmetic Mean between 
the other two. 

Of a number of quantities in A. P. all the inter¬ 
mediate ones are called the Arithmetic Means bet¬ 
ween the first and the last. 

Arithmetic Mean for shortness is written as A. M. 

I. To find the Arithmetic Mean between two 
given quantities. If a and b be the given quantities, 
suppose that a is the required A. M. Then since a. v, b 

are in A. P., we have 

x a — b x 
or 2* = a + b 

_ a + 6 

or x— . 

Thus the A. M. between two quantities is half the 
sum of those quantities. 

II. To insert it Arithmetic Mea is between two 
given quantities. If a and b be the given quantities. 
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suppose that xt, *2 

. x n are 

the 

required arithmetic 

means. Then 




a, x ), * 2 , * 3 ,— 




form an A. P. of 11 + 2 

terms. 

Let 

d be the common 

difference of this A. P. 





Thus 


b = a + (// + 1 )</. 
b — a 


i = 


n +1 


Hence .n = a + d — a + 


Xo = a + 2 d — a + 2 


b — a 

n + l ’ 

b — a 
n + l ’ 



, _ , . 0 b — a 

x% = a + 5d = a-r t >—XT * 

« + 1 


b — a 


,r n = (i + nd — a + >/ 


ii + 1 

Ex. 1. Insert 7 Arithmetic Means between 4 and 22. 
* From above d the common difference 
_ b -a _ 22 —9 _ o1 

n + 17+14 * ^ 

Hence the required means are 6*. 8?, 10f, 13, 15*, 

12|, 19|. 

Ex. 2. Between 1 and 31 are inserted in Arithmetic 
M-ans such that the 7th mean : (w*l)th mean =5 : $. 
Find in. 

' II f 31 — 1 _ 30 
Here d— — ~r*— . , • 

in + 1 in- 1-1 

. . 7.30 . . 210 _m + 21 ' 

Hence 7th mean = 1 +— - 1 + f|| + , 


and 


(w — 1 )th mean = 1 + 


30( 


in 


1) _ 31 m - 29 


in + 1 


m+ 1 


# • 


y 


w/ + 211 31 in 29 _ c . q 

in + 1 in + 1 


or 

whence 


9(in + 211) = 5(31 w — 29) 
m = 14. 

Exercise XlV 

1. Find 6 arithmetic means between 4 and 23. 

2 . Insert 12 arithmetic means between 21 and —3, 
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3 . Insert m arithmetic means between nr and 1. 

4 . Insert r arithmetic means between 5a — lh and 


7cf~5 b. 

5 . Show that the sum ot n arithmetic means inserted 
between two quantities equals to // times the single mean 

between them. 

' 6 . Between 3 and 39 are inserted p means such 
that the ratio between the bth mean and the 11th mean 

is 33 : 53. Find the value of p. 

7. An A. P. of n terms has a the first term and b 

the last term. ’ Between every two successive terms is 
inserted an A. M. Show that all the=e means form an 
A P Also show that the sum of the original A. I . hems 

to the sum of the means the ratio n : (n~ l). 

8 Show that the ratio between the sum of a a nth- 
metic means and the sum of m arithmetic means between 

two quantities is ;/ : in. 

9 Find ;/ if the A. M. between a and /> he 

rti»+i + 6 n+1 

a n + b" ' * 

34 . We shall conclude this chapter by solving some 

miscellaneous examples of useful application. 

Ex. 1. The sum of 3"terms in A. P. is 45 and their 

product is 3135. Find them. 

Suppose that the terms are a-d, a , a-td. 1 hen 

45 = (a — d) + a + + d) 

= 3 a 


and " 3135=?«(« 3 .-^1 = 15(225-^) 

d— ±4. 

Hence the terms are 11, 15, 19 or 19, 15, 11. 
Ex. 2 Four numbers in A. P. are such that 
sum is 74 and the sum of their squares is 1374. 

are the numbers ? , . . 

Let the numbers be a —3d, a — d, 

74 = ( a - 2 d) 4- (a - d) + (a + d) + (a + 3d i 

= 4o 


their 

What 

Then 


and 


• • 


_ 3 7 

1 374 = (a — 3 d) 2 + {a-d) 2 + (a+d) 2 + (a + 3d) 

(cr 2 + 5d 2 ) 
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d=±b 

Hence the numbers are 17, 18, 19, 20. 

Xr.tr. From iho last two exan pies notice tbe selection of 
vlpi-l ia o numbers in A. P. in two <iifforent c \ses. 

Verification: Sum of numbers= 17 +18 +19 +20 = 74, 

Sum of squares = 1 7 2 + 1 8 “’ + 19 2 + 20 2 =1374. 

Ex. 3. In the series 1 + (3 + 5) + (7 + 9 + 11) +. 

Find the sum of the terms in the nth group. 

The number of terms in the first group is 1 ; 

„ „ „ second „ „ 2 ; 

.. third .I i, 3 i 


and so on. 

The number of terms in the nth group is n. 

Also the last term in the first group is the 1st term 

of the series 1, 3, 5 , 7 , 9. . 

Also the last term in the second group is the (l+2)th 

term of the same series ; 

Also the 1 ist term in the third group is the (1 +2 + 3)th 

term of the same series and so on. 

The last term in the nth group is the 
(1 + 2 + 3 +.+ //)th term of the same series ; 


i.e. t 


u(ii 4 - 1 ) 
the --th 


term of the same series. 


Now this term by the help of the formula 
/ = a +(/* — 1 )d comes out to he u 2 + n ~ 1. Also since the 
group contains n terms, from the same formula we get 
the first term of the group n 2 — n + 1 . 

Thus the sum = - 7 T (the first term + the last term) 




= « 3 


Ex. 4. In an A. P. the sum of * terms is y and the 
sum of 3 ’ tern > i= x. Find the sum of x + y terms. 

Let a be the first term and d the common difference. 

r -f- y 

Then the required sum r:1 -r { 2a + (at + y — 1 )d ). 


2 
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and 


Now y — ~^ {2a + (.v"" l)u > — aAr+ ^ ^ 1 

x = -2- ^2« + (y- \)d} = iiy+A-y { y- !) 


.*. by subtraction 


y-.v = </(v-_v)+ ^ (.r-y)(.v4-y- 


— 1 = </ + {i ? 1 -v + y- 1 1 

— 2 = 2a + d(.v 4- y ~~ 1)• 


Hence the sum X -^ < 2a + (v + v lV> 

=*±2(-2) = -U + y). 

Fv <5 In an \ P. the sum of the first m terms is 
,o the E sum of Us first i, terms as „r : - ; show that the 
common different is ^ the first term. _ 

then by the 

}i,{2a + (n-l)d} if 

2 a ~b (m 1)^ ___ 1,1 

CT 2<j + ('»~ l)d " , , . 

or 2 a» + «(t»«-l)rf = 2«m + »"("- Jlrt 
or (m-n)d = 2a(m ~ 
d = 2a. 

Ex. 6. The sums of .. ^"^^Tthe 

Progressions are in the ratio of -» + s • 

ratio between their 12th terms terms 

Let the two series respectively have their tirs 

a and «•. and the common differences d and d . 

h„{2a + IML = 3^+2- 

ln{ 2 a+(n-l}d'} 7» + 15 

?q + (n ~ 1 )d _ 3ja+jL .(1) 

0r 2Z+U^Trf' 7, ' + ! 5 2th term s we have to 
To find the ratio between the 12th 

find the value of 


(1» 


or 


fl+l]d . 2a-K23-_lW 

o’+ lid' '■ *' f 2a'+(23-l)d 



I 
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Hence putting n — 15 in (1; we get the required ratio 

r-Vi or ju. 

E x. 7. 11 [b — c.i', i c — t /) , (a — b) 2 be in . P. show 

'‘hat , , . are also in A. P. 

b — c r — a ii — b 


c'learl v 


c ~if ' (i — h 


ill be in A. P. if 


1 + ~ 2 
b — c n — b c ~ a 


i. c, c (i/\d ~c) — 2(b — c)\a — bj 
i. c. t it lac —it — c~~ 2ab 4- 2bc — 2ac — 2b 2 
i. c., it ?c- + 2(r-4ac <r + b 2 - 2nb + b 2 + c 2 - 2bc 
i • c it lie (i l ’ ~ (ff b)' ~h (b — c)" 

v\ hich is ti ue. 

Ex. 8 !f Si, S 2 , S, .Si,» be the sums ol n 

terms of m Arithmetic Progressions whose first terms are 

3,. in and common differences are 1, 3. 5,. 

liu— 1 respectively, show that 

Si 4-S., + Sn +.+S m = hmn{inn+ 1). 


W e have 


{ 24- (n — 1 ).l } = // + 1) 


S - — 


{ + + (« - 1 ).3) = 


— n (3 n + 1) 


Sa— 0 <6 4*(/i — 1).5> = — /i(5;/-fl) 


S m 


{ 2 in 4* (// — 1 )(2m — 1) > 


— ~ ,^n{ {'liu — 1)// 4~ 1 } 

Si 4- S 2 H S 3 4-.+ S/n 

== h 11 {(ti -b 1) 4 - (3;/ + 1) 4 - (5h 4- 1)4- 

= r. n{ i // 4- 3// 4- 5// 4-.4- 2m - 1 )j 


= »//{11 
1 


2m — 1J 4- 


4- {2m — 1 )u 4-1 } 

m terms} 


hi > 


~ 2 " J~ (* - m — 1'4- >/? > 

= * «{ in n 4" m } 

— %mn{n.n 4“ l). 
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Exercise XV. 

1. The sum of three numbers m A. P. i* *4 anc ^ tlle 

sum of their squares is 35. 1 iud the numbers. 

2. Find three numbers in \. 1 . whose sum is o3 and 

whose product is 1155. - 

3. What four numbers m A F. ha\ e their sum 40 

and the sum of their squares 4 20 ? 

4 What four numbers m A. P. have their sum 1- 

and their product 24 ? 

y 5. Divide 28 into 4 parts in A. 1 . such that the 
product of the 1 st and 3 rd is t > .he product of the 2 nd 

and 4 ih as 8 : 15. . 2 , \ 2 — r, c u nu , 

> 6 . In the equation (a* / 4 -///)' + ( v — m 4-//) -0 show 

tfiat the roots will be equal if 7, m, n -re in A.■ • 

7. In an A. P if the *th term y and the 3 th term 

is .r then the rth term is x + y “ r - n ie as 

H. It the sum of p term c > of an A. P. * 

of a terms, show that the sum of /> + </ terms is zero. 

9 9 !f the i>th term of on A. P he a and the <jth .erm 

b , show that the sum of p + q term is ‘iS 

—f- K a + b + —\. - 

10 - If the £th, gth, rth terms of an A P. be rr. b, c, 

respectively, show that 

M6-c) + «(c-ci) + r(rr — />) — 0 
11. It the sum of 25 terms of an A. P. be 235, line 

the 13th term e ^ ^ of an A p. be 13 find the sum 

° f 3 13 ern Tl ie sums of « terms of two ser.es in A. P. are 
inthJ ratio of 2»-7:4»+l ; find the rano of them 9,h 

term i S 4 The sums of n lerms of two Arithmetic 

i o _ 7 .. . 14- 7 // find the ratio of their 

Progressions are as 13 /n . it- n , 

3.d ' e ^ ms Qf n term , of two Arithmetic series are 

as 7 n+l : 3« + 29 ; find the rat.o of them /th terms and 

°f 11 th ter m s an A p the sum 0 f ,,, terms is to the sum of 
« terms as m 2 : n 2 ; show .hat .he ratio of the with term to 
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the ;/th term 2m — 1 : 2n — 1 . 

17. In the series 1 + (2 + 3) + (4 + 5 + 6) + 

(7 + 8 + 94- 10) +.find the sum of the terms in the nth 

group. 

18 In the series 

1 + (2 + 3 4 4) + ' 5 + 6 + 7 + .s -f 9) + [\0 + 11 f 12 + . 3 + 14 + 1 5 
+ 10) +.find the sum of the // 1 h group of terms. 

19. In an A. 1*. the first term is />, the 5th term q and 
the last term r : show that the sum of the A. P. is 

/> + r 5/> — <i — 4r 
2" * p-q • 

20 . In a series the sum of n terms is 3n 2 +4 n. Show 
that it is an A. P. hind its first term and common 
differ ence. 

21. If an A. P c insists of an odd number of terms, 
show that its sum equals the middle term multiplied by 
the number of terms. 

22. If a. b, c, are in A. P. Show that 

111 . . 
r , — , ", ate also in A. P. 

he Cii ah 

23 . If (r, b, c are in A. P. Show that 

~(/> + c+ -^-'c+a), ~ b <a + b) are also in A. P. 

24 If a, b, c are in A. P. Show that 

<r (b -he), b\c + <r\ c~-a +/>) are also in A P. 

25 If a, h c are in A. P. Show that 

(b + cr-<T\ (c + a) -b\ ( (J + b) ? - c 2 are also ir. A. P. 

26. If a. h, c are in A. P. Show that 
1 1 1 

are also in A. P. 


v b + x c 

27. It 

a 

h + c ’ 

28 . If 


v (i + b 
1 


\ c + \ a 

1 1 

h -h c c + a ' a + b 
b cy 

t’ + r/ ’ a + b 
1 1 1 


are in A. P. Show that 


are also in A P. 


o’ b ’ c 


are in A P. Show that 


rr(6 + c), b(c + a), c(.tT + b ) are also in A. P. 

29 . Show that the equation 

(b —c)x + (c — a)x -f- (a — b) =0 will have equal roots if 
a, b, c are in A. P. 
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30. The sums of n. 2u , 3a terms of an A. P. are 

Si, S,, Ss ; show that Sa = 3(S,-S»). 

31. The sums of n terms of three Arithmetical series 

are Si,S 2 , S 3 . The hrst terms of the senes are unity ami 
the common differences are 1, 3, 3. ^how that bi. b : , 

are in A. P. , . 

32. There are n Arithmetical progressions -uch 

begining with unity, whose common differences are 
2 , ,. //• Show that the sum of their #/th terms is 

* n{ii 2 “HI). - r 

' 33. If Si, S 2 , S 3 ,.S,« be the sums ot n terms ot 

m Arithmetic series whose first terms as well as 1 the 
common differences are 1, 2, 3...... , »«. show tiat 

S 1 + S- + S 3 +_+ S... = n< m + 1)(<f + 1 


34. Sum the senes 2 - 3 + 4 - 5 + 6.■ -to 40 terms. 

[The given senes = (2+4 + 6+.to 20 terms) 

— f3-H54-7 +.to 20 terms)]. _ . _ lf> , 

35. Sum the series 1+2—3+44-5-6 + 7 + 8 y-t-... 

to 3 n terms. 



/ 
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CHAPTER VI 

Geometrical Progressions 

3j. Definitions I he type of series or sequence in 
which the successive terms ir crease or decrease by a con¬ 
stant factor i> failed the Geometrical Progression ; and 
the constant factor is called the common r^tio. 

•hus ']) 2, 4 , n, 16 , 32,. 

( 2 ) 1 — •* _ * 1 »5 

| (3; a, ar,(/r~, (tr 3 t . 

aie ad illustrations of the Geometrical Progression In (l) 

the comm ratio is 2 ; in < 2 ) it , s -§ ; and in ( 3 ) it is r. 

For the sake of brevity (i I’. will be often written for 
(reometrical Progression. 

Evidently any term of a G. P. can be obtained by 
multiplying the preceding term or by dividing the succeed¬ 
ing term by the common ratio. 

l 36. To find the nth term of a GP whose first 
term and the common ratio are known. Suppose that 

(i is the first term and / tin- common ratio. Then 

[ \ - n \\ = ar 

T\ = ar y ‘ 

and so on. 

Clearly m any term the index of r is the same as the 
sufJi,\ of I decreased by unity Hence T„ = or"~\ 

Ex. 1. V\ hat is the ;>th term of the G. P. whose 
first term is o, and the common ratio is 7 . 
hi nee 1 ,, -~<rr" we get 

17 O f C ^ ^' T X g 1 — 

In G. P. the 4th term is 6 } and the 7th 
term is i find the 3rd term. 

We have = = 

and 3 a 5 * — T 7 —ar° 

Dividing, r’= 3 *p x -7,- = =={%y 

r = %. 

andher.ee r j = — x — =? - ^ x - ** _ ^ 

4 4 123 5 

Thus Ts = ar’=? x = 4 . 
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or 


l 


Thus ' 1) 


x v 

37. Sum of a given number of terms in G. P. 

Let us find the sum of // terms of the G. P. whose first 

term is a and the common ratio r. 

If S denotes the required sum, we have 
S+ + +. ar 

S r = tir + eir + "r i + .+ ar " 

Bv subtraction ^ _ 

Sr-S = ar"-a L A 

or S(r— l) = a(r 11 — lj \ 

S=« ^ .(D ^ l 

which may also be written as 

s=4^. 

Cor. If l be the last term ‘then l-ar" IhusM) 

becomes S= ^ ^yand (Tj I becomes S = j— ■ 

Note. The formula (I) iV Bliwh0r ” >lan ' ,(n)wheO '' <1 

38. Sum of the Infinite Geometrical Series. 

, A The number of terms in the series ( 

■V a -\rar+ cxr~ -V ar 4*. ~\rar 

depends upou the value of ,«. As we go on increasing the 
value of n the number of terms will become greater and 

greater. The series will become infinite when « is 'ery 

great. (Art. 19) Then, since there will be no last term, it 
will be written as , _ 

To find the sum of an infinite G. P we shall take i 

numerically less than one. Denoting the sum of » terms 

by S n , we know that „ 

1 — r" _ a __ ar 
Sn — Cl 1 _„ i — ♦- 1 — r 


or 


1 -r 


1 -r 

— S n " 


1 —r 1 -r 


ar 


Now, since r is less than unity, r" decreases in value 
as n increases. It means that as n becomes greater and 

greater, becomes smaller and smaller Thus by tak- 

ing « sufficiently large, the difference between -jT r and S n 
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1 an ,r isde as small as we like, /. e.. very near to zero. 

1 hen S„ m very nearly equal to ] “ which is calle.1 the 

limiting sum of the infinite series. The limiting sum of an 

mfinite series is, for the sake of brevity, called us sum. 

I mis the sum of a + <rr + ar 2 -\~ar' -f- .to oc is 

a 

1 _ r u ’ben r is less than one. 

-Wei If the sum of :U : infinite series is finite, thi series is 
>ai(i to he convergent. Thui we see that the infinite series in G P 
is convergent when the common ratio is numerically less than one. 

,,, n' C If * how - ver, r is greater than one or equal to one. the 


tom 


1 - /• increases as n increases. Therefore, the sun of the series 

^■•swuhinhm.mamlih^is no definite sum. Such series are 
called divergent senes. 

A ole ; i. 1 he limiting sum should te carefully distinguished 

* “ acIua1 sum - forms no actual sum of an infinite series 

since there is no actual nurabir infinity. 

Ex. 1. Find the sum of 12 terms of the G. P. whose 
3rd term is 3 and 5th term is 9. 

If rr be the first term and r the common ratio, then 

3 = T* ~ar 2 

and 9 = J 5 = dr* 

whence we get r= + \/3 and a = l . 

Thus the series is 1 + v 7 

* — • • •••»•• 

°‘ 1 - V 3 + 3 — 3 V 3 +. 

( / ' | 

~ l — 

v 3 - ] + 3 - I 


_ 728(1/3+ 1) „ , , 

3 _ j — 364(+3 + l); 


anr ’ it' the second case the sum = ^-\/3) 13 — 1_ 728_ 

° _ OD , . , “ V3- 1 +3 + 1 

r = _ / 28( +3- 1 ) 

3-1 

Ex. 2?. Sum the series 


= 364(1 - +3). 


^3 +rk + 


l 


+ 


to oc . 


V 


Since the common ratio is i which is less than unity 
•’ e »e ‘hat the formula S = -j^- will apply. 
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\ 



Hence the required sum is 


V 3 


3V3 

9 


l-i 

Ex. 3. . Find the value of *3-45. 

Now *345 = *345454545.to infinity 

= •3 4- *04 5 4- *00045 4- -0000045 4-.. .to infinity 

45 45 . • c . 

4-, 4-.. .to infinity 

which excluding the first term is, a G. P. ^ 

45 


3 V 45 

10-1000 100000 ' 10000000 


• • 


345 = 4- 




1000 3 45 

i id "*"990 


l - 


345 

990 


23 

66 ' 


100 


Notice the same result as can be obtained arithmetically. 
In fact the arithmetical formula is based upon this very 
principle. 


Exercise XVI 


L- 


1. In a G. P. the first term is 32 and the common 
ratio is 4, find the 5th term. 

2. Find the 9th term of the series 7 4-5+-J4- . 

3. In the series 3| 4-2-}4-T$4-...find the 6th and llth 
terms. 

4. Find the 10th and /*th terms of a G. P. whose 2nd 
term is — 1 and 5th term is J. 

5. The («4-3)th term of a G. P. is 2 n , find its 3rd 
and 7th terms. 

6. What term of the series 94-34-14-.is yVg? 

7. The 3rd and 9th terms of a G. P. are reciprocal 
of one another ; what term is unity ? 

8. In the G. P. 1 4-3 4-9.. .find the 7th term and the 
sum of 7 terms. 

9. Find the sum of 12 terms of the series 
1~ f4-£ —..., find also the 12th term. 

10. In a G.P. the first term is ^ and the 4th term r l s , 
find the sum of its first 10 terms. 

1 1. Sum the following series :— 

(*) 14-24-44-.to 6 terms. 

(ti) 94-64-44-.to 10 terms. 

(Hi) $ — 1 4- f —.to 8 terms. 

(tv) 1+V2 4" 2 4-.to 9 terms. 
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» • 


1 

3 


1 

\ 3 


+ 1 - 


to 1 tS terms. 


(vi) 

(vii) 

0 V 

• t iii ) 

( ix) 
lx) 

U i) 
{x it) 

12 


V2 + ]+\/2 + 4 + 3 V2 + . t0 " termS ' 

14-( + 2 1) + (3 — 2 v / 2)-f.to ii terms. 

(ir — 6 ) + (a + + .to // terms. 

/ l '++ +.to // terms. 

/>(/> + (7) +p 2 (p 2 + q 2 ) + p*(p l + q l ) 4-.to r terms. 

[Split into two series]. 

\n +///) +'4" 2m) 4- (id + 2 m) +.to p terms 

{■v + ■}) + (3a- — k) + (5.v + i\j) +.to n terms. 

Sum the infinite series :— 


<i) 

' + H oS + s\ +. 

(ii) 

+ l + i T- r,-, +. 

(/ / /; 

4 _ ,8 1 1 J? 2 1 

" 2 7 ■ s l 2 1 . 

1 / e 

4 + ;.+£+ 7 4 .-+.. 

1 v) 

1 +-' + * + 
v 3 3 v 3 9V3 . 

( VI ) 

+32+324 + 243 + . 

(vii) 

9 - i + 1 - +. 

(viii) 

/ -2 — 3 + 3 J — 2 ?i-h . 

(ix i 

(2+ \ 3)+1 +(2 — V3J + 

(x) 

1 — 3u + y.r - — 27a 3 + . 

( xi) 

•».+ * . 4- 

i ' 7 ' 2 5 ' 4 »• « i 2 '> * •« » : 

(xii) 

" + *.+ " + 6 ,+. 


(when a < *) 
it into two 
series.) 


.r 


13. Without assuming any formula sum the follow¬ 
ing series in G. 1'. :— 

' tj 2 v 24~ 2 + v'2 +1 +.to 13 terms. 

(ii) K + yv + J ? +.to 5 terms. 

(iii) 2] — l.j + 1—.to infinity. 

' j + +s +. ad infiiiitum . 

14. K valuate (i) -035; (/;) -732; {Hi) 2‘345. 

15. h'ind the common ratio of the G. P. whose first 
term is i and sum to infinity is J. 

16. The sum of 1 + V2 + 2 + 2 v / 2 + ... is 7(v'2+l); 
find the number ot terms, 
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17. In a G. P. the sum of the first three terms is 26 
and the sum of the first five terms is 2+2 : find the series. 

18. In an infinite G. P the first term is ^ and the 
sum is 4 ; find the common ratio. 

19. In an infinite G. P. the first term is 1 and any 
term equal to tin* sum of all the succeeding terms. Find 
ttye series. 

/ 20 . Show that the value of 2'\ 2^ / 2-^2'.to 

infinity is 4. 


39. Geometric Mean. If there be three quanti¬ 
ties in G. P.. i he middle one is called the Geometric Mean 
between the other two which are the extremes. 

If there be a number of quantities in G. P., then all 
the intermediate ones are called the Geometric Means 
between the first and the last. 

G. M. is often written for Geometric mean. 

1 To find a G. M. between two given quantities. 

If a and b be the given quantities, suppose that x is 

their G. M. 'Then a, .v, b are in G. P. 

. x _ b . . . 

• • * — • • x— v ab. 

a x 

Thus the G. M. between two quantities is the square 
root of their product. 

II. To insert n Geometric Means between two 
given quantities. 

Pet xi, X 2 , A'3.. .x n be ihe // geometric means between 
a, b tne two given quantifies. Then n +.ri + x> +... + x n +h 
i^ a G. P. of n+2 terms. 

Thus b = Tn +2 = ar ' ,+1 , where r is the common ratio. 

1 


-ar 1 ' 


l 


,T _ _ ( b \ll T 1 _ 2 _ ( k \ n +~ 1 

Hence x\ = ar — at — 1 ; x* = ar —a I I 

\ a J V rt / 


_ 3 _ / b \n + 1 , 

x 9 — ar —at . 1 ; and 


so on. 
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The Geometric Means, therefore, are 

1 2 


W + ' 


-(;-v +1 




■ «(-h “ +1 


Ex. 1. Insert 5 Geometric Means between 486 
and H- 

Since ri is the 7th term of the G. P. whose first term 

is 486. we have 

if = T 7 = 486r° 
r°=T^ : = (±S) 6 - 

I fence the Geometric means are 

±486.i= ±162 ; 486(i) 2 =54 ; ±486(4/= ±18 

. 486(4) 4 = 6 ; ±486(4) 5 =±2. 

A oto. Wirh these f-reometric Means there are two series 
formed : 

G) 4 86+ 162 + 54 +18 +6 +2 + f : 

(2) 486- 162+54- 18 + 6- 2+f. 

Ex. 2. Find two numbers whose G. M. is 1 and 
A. M. is H. 

If a and b be the number^, we have 


nb — 1, 


_ . "±&_97 . ,,97 

and -- - uc., a + b = i6 


(T b - \ ((/ + b) 2 — \nb = 


94 0 9 _65 

*1 /-»/% /■ ■ o y- 


;!296 


36 ’ 


Thus <t = % and b=±. 

Exercise XVII 

1. Insert 5 Geometric Means between 404 and 3+ 

2. Insert 4 Geometric Means between and f. 

3. Insert 5 Geometric Means between and 

3 V 3 2 v 2* 

4. Insert 6 Geometric Means between 12 and — -Jg-g£. 

5. I f n Geometric Means be inserted between x and 


y, show that their product is (xy) ^ . 
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f 

'+ 


6. If the A. M. between two numbers be twice 
their G. M., show that the ratio between the numbers is 

2 + V 3 

2- V3 * 

7. If the A. M. between two numbers be 10 and 
G. M. be —8, find the numbers. 

8. For what value of n will - n ' ,, be the Cl. M. 

a ~r n 

between a and b ? 

40. We shall conclude this chapter by solving some 
miscellaneous examples of useful application. 

Ex. 1. Sum 3 + 33 + 333 +.to n terms. 

If S denotes the required sum we have 

S = 3 + 33 + 333 +.to n terms 

= 3(1 + 11 + 111 +.to n terms} 

= -£{9 + 99 + 999 +.to n terms} 

= |{(10- 1) + (10 2 - 1) + (10 3 - 1) +.to n 

terms} 

= *{(10 + 10 2 + 10 J +.to n terms) — n) 

1 0(10“ -1) 

9 




11 \ 
- nt 


= 10 (io n -1) —— 

2V 3 

Ex. 2. Find three numbers in G. P. whose product is 
64 and whose sum is 24 J. 

a 


Suppose that the required numbers are 


a, ar. 


Then their prodt4ft a* — 64 

a 


a 


= 4 


and their sum 




+ rz + rzr = 4f r+1 + 


') 


124 


or 


or 


• • 


r~ + r + 1 = ^ r 

r~ — -jr +1=0 
r = 5 or J. 


Hence the numbers are 4, 20. 

Ex. 3. If a, b, c, d be in G. P., show that 
— —c~, cT — d i are in G. P. , 

Clearly we have to prove that (a *— b z )(c z — d~) = (6“ 
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Now since a. b, c, d are in G. P., we have 

b c _ d 
a b c 

b 2 = ac % c 2 bd and be = ad. 

Thus (a 2 - b : )(c~ - d 2 ) = a 2 c 2 - b 2 c 2 - a 2 d 2 + b 2 d 2 

= b'-b 2 c 2 -b 2 c z + c A 
= (b 2 -c 2 ) 2 . 

Hence the result. 

Ex. 4. If .v, y, z . be the />th, ( 7 th, /’th terms of a 
< ». P., show that 

x'-'y'- V“ n =l. 

Let a be the first term and R the common ratio of the 
^ L I • 

1 'hen .r = ^R |, — 1 ) r' l ~ r = a q ~ r Ry q ~ T )( p ~ 1 ' 

a r -P R , r - p K <i-i, 

; p " l = fl p “ q R( l ’-^( r_l J 
Multiplying these together we get 

y l ‘y _ 1 v~ ,, =w 0 R°=i. 

^ denotes the sum of u terms of a G. P. # 
find the value of Si-f S 2 -f S; +.-f S„. 

Let a he the first term and r the common ratio of 
anv G. P., 

air — 1) 


.»• = « R ,,— 1 ) 


V , "' r = 

3> = «R q_1 

• 

• • 

y T ‘ v = 

2 - «R r 1 ) 


z"-" = 


t hen 


s >=-= r _, . 
<dr 2 - I) 

r- 1 ’ 

air 3 — ]) 


S 2 = 


S.i 


r ~ 1 


s 1> 

r-\ * 

^>1 + S : + S»-f.-f S„ 

-! i(r-l) + (r 2 - l( + (r 3 -l) +.+ (r"~ 1 )> 


a 


(Ir + r+r'-l- 


r - 1 
</ ( r(r" — 1) 

r - 1 ' r - 1 " ' 

f7r(r" — 1 ) _ </// 

(r—l) 2 ;— 1 


+ r")-«> 
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Ex. 6- Sum ( l t + 6) + (.r + ^ + /» : ) + U 3 + a : /, + ^ : + /)') 

+.to n terms. 

It S denotes the required sum, then 

, 3_ 6 3 .^ ierms> 

55 a-b a~b a — b 

_ — {(a“ + a , + d* +.to n terms) 

ii —b 

— (/,- + 6 3 + 6 4 +.to ii terms)} 

1 [y(<7 n -n 

a — b L a ~ 1 b — l J 

EXERCISE XVIII. 

1. Sum to n terms the series whose rth term is 

{i) 3r+3 r , (ii) 2 r + 2r + 1, (mV ^^=T- 

2. Sum the series :— 

U) 5 + 35+5554-.to » terms. 

(ii) 4 + 44 + 444 +.to n terms 

{Hi) ’7+ 77 + 777 +.to // terms 

(tv) 1+ 2 ~+ +. to " term “’ 

r , ” • 2 r -l-, 

[The rth • term is ^=1 

3. Three numbers in G. P. have their sum 65 and 

product 3375 ; find them. __ , . • 

4. 'I'he sum of 3 numbers in G. P. is >3, and then 

product is 3375. What are the numbers ? 

5. Three numbers in G. P. have their product 512 . 
if 8 is added to the first and 6 to the second, they form an 
A. P. Find the numbers. 

6. Three numbers in A. P. have their sum 15; 

increased by l, 4, 19 respectively they form a G. . 

Determine the numbers. . 

7. If 9 ba the sum of 3 numbers m A. 1 . and it the 

numbers respectively increased by 3, 7, 16 Rive a j. P. , 

what are the numbers. . - I3) , 0 c 

8. The product of three numbers in G. 1 . is 120 ant 

the sum of their products taken two at a time is 87,.. hind 

the numbers. . ■ 

9. What 4 numbers in A. P. respectively increased 
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increased by 1. I, 3, 9 will form a G. P. ? 

— + 

The numbers n — 3d, <r—d, a~\~d , a-i~3d, when in* 

a — 3d \ __« — </ 4* 1 _ a 4- d 4- 3 ; 

a ~id+ 3 a-\~3ci-\- 9 


creased must give _ , , 

a — d~r 1 

and each of these ratios 

__ (a 3d + l) — 2‘ a — d + 1) 4- {a -\-d 4-3) 1 

(<i — d~\- 1) — 2(a 4-</ 4- 3)-r^a 4- 3d 4" 9) 2 ’ etc ' 

10. Find four numbers in G. P. so that their sum 
may be 15 and the sum of their squares 85. 

TP U. 193 3J 

11. If a, b , c y d are in G. P., show that 
(t) (a — b) 2 y (b — cfy (c d)~ are in G. P. 

(it) (r/.“4-/>“4"C')» ^ab + be+cd) f (b 2 c 2 + d~) are in 
G. P. 

(Hi) («4 -b)~ 9 (b + c) 2 y [c-\~d) 2 are in G. P. 

Uv) {a-bf' (h-cF’ (c-./) j areinG - P ‘ 

(v) (fr4-c)(5 4-^) = (c4-cr) / 'c4-<i) 

( vi) (a 4-6)“ 4- 2(6 4-c)~4-(c4-d)“ = («4-6 4-c4-</) 2 

{vtt) (a + b) 2 ' (64-cp (c + d) 2 are in G P * 

12 . If ay by c be in G. P., show that 

/ • \ 1 I 1 i 1 _ a i b . c 

U) 3 4 - 3 4 - .< — 4 - ,77-4— r . 

n c' 6"c~ c b c a b~ 


(it) 


a 


a 2 — b~ 


1 


> 4- 


1 




1 

6“ — c“ 


(Hi) (<* 2 + b~)(b 2 + c 2 ) = (ab + be) 2 . 

13. What must be added to the numbers a, b, c, so 
that the new numbers may be in G. P ? 

14. In a G. P. the (m4“«)th term is p and (m — n )th 
term is q ; show that with term is Vpq. 

15. If y = x + x 2 + x' + .to 00 , x being <1; show 

that x — y . . 

14-y 

16. Find the common ratio of an infinite G. P. in 

which any term is J of the sum of all the terms that 
follow It. 

17 \ If b’c 6 ’. 0 b ? a n „ A - P - and y- z G. P., then 
prove that x b y z — x y z . 
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18. If the £th, ( 7 th, rth terms of a G. P. he in G. P., 

the | 9 p denotes the product of n terms of a G. P., S 

denotes their sum and R, the sum of their reciprocal,, 

prove that P = ( R ) 

20. If Si, S 2 , S 3 be the sums to n, 2 it, in terms of a 

G. P., prove that ^ , 

(t) (Si —S>) — Sivb3 

lit) Sr + S->" = Si(S 2 +S3). . 

21. If S I ,S 2 ,S 3 ,.:.......S« be the the sums of » infinite 

Geometric series whose first terms are 1, ,. 

iii -respectively, then show 

common ratio 4» 1 

that 22 If be "the" rams » infiniteGeo¬ 

metric' series, the’first term of each being unity 

. 1 1_ — respectively, then 

common ratios ^ , r 2 * r 3 ’ . r n ^ 

show that + sV + l 3 . + S“ = “ '" 7\r -Tj ' . 

9 3 The first term of a convergent Geometric senes is 

m ,.« biltf ** ,h “ ““ 

— = — -\~A and ^ + ^' — 2 . 

ifJB S. 

tance from the racket at whicn it w.i 


% 
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CHAPTER VII 
Harmonic Progressions 

41. Definition. A type of series or sequence in 
which the successive terms are the recipocals of the corres¬ 
ponding terms of some Arithmetical Progression, is called 

i+-m+i +. 

? + ?+S+ f ; V +. 

1 + 1 + ..+ 

rr <7+^ *a + 2</~. 

are in Harmonic Progression since, obviously, the series 

formed by the reciprocals of their terms are in A P. 

Harmonic Progression is briefly written as H. P. 


the Harmonical Progression. 

The terms of the series (1) 

( 2 ) 

(3) 


42. Condition for any three quantities to be in 

H. P. To find the condition that the (Quantities cz y b 9 c be 

in H P., it is obvious form the definition that-*-, ~* -- 

a b ’ c 

should be in A. 1’. 

Now these quantities are in \ P if 

1 _ 1 ^ I _ I 

bach 

a — b b — c 

ah be 


or 


or 



Cor. Retracing the steps of the above process it can 
be shown that if _ = a . then a , b, c are in H. P. 

* r C C 

I his leads to another definition of a Hormonic Pro¬ 
gression. A series in which any three terms a, b, c satisfv 

the relation '_ = , is called the Harmonic Progress- 

ion. 


Ex. 1. First two terms of an H. P. an_ ? and ; 
find the third term. 

Let c be the third term. Then since ? , , n 

H. P., 
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y 


2 _ 3 2 

we have \ — ? = — or Wo c=f(c“t) 

f-c c 

whence c = 6. . « 8 

Ex 2 Find ihe 11th term of the series n- n. • 

The series iS. V, V.formed by.the reciprocals of 

the given terms is evidently an A. P. w.th common differ- 

ence - 9 . , \ ij> _ 3 1 i n x h — 31 

Now the 11th term of the A. + 4 • 

the 11th term of the given H. — 

43. Harmonic Mean. When three numbers are in 
H. P. the middle one is called the Harmonic Mean be - 

ween the other two. , j nter . 

If a number of quantit.es be m H P., all the inter 

mediate ones are called the Harmonic Means between 

first and the last. . . 

Harmonic Mean is briefly written as H. M. ■ 

I To find an H. M. between two given quantities. 
Let x be the H. M. between the two Riven quantities 

a and b. Then </, *. b are in H. P- 

a —Jf = — or b{a~ x) = a{x-b) 

X ~ h h 2 ah 

.. a-\-b 

Thus the H. M. between two quantities is twice their 

product d '^ s bythen rt sum 0)iic ^ ^ 

l,k, "ff.he given quantities be « and 6, and suppose that 
the n Harmonic Means are .vi, - l »>. 




or x^a-^b) — 2 ab, ** x 


x, 


Then » „ 

a x\ 


1 


— is an A. P• of n 2 
b 


1 1 
> >. 9 

terms. If ./ be the common difference of this A. P., then 

J- = 1 +(« + l)d 


a 


( 


1 


whence 


1 

d= b 


1 

a 


n+ 1 


a ~~ b 
ab(n + 1 ) 
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Thus 


1 + 


a-b 1 

ab(n +1) xz 


= 1 + 
a 


3(a — bi 1 

ab n + 1) ’ .r n 


2'a-b) 
ab n~\~ 1) * 
nia — b > 


a . * K '' ’ 

a ab\n-\~\) 


Hence the required Harmonic Means are 

(n-\-\)ab l n + \)ab ( n-\r\)ab 

nb-Va ’ [u — 1 )b 4 - 2a .’ b~hua 

Ex. Insert 6 Harmonic Means between 7 3 (i and J. 
Here we have 2 as the 8th term of the A. P. whose 
first term is V- Thus </ the common difference^ f(2 — 7 4 } ) 


- - 1 O 


the Arithmetic means between V 5 and 2 are 

0 9 */> l* I T 2 O 10 

£ j 5 ? 3 | 3 • 


^•^9 5" > 5 9 1 —> 3 i 3 • 

Hence the required Harmonic means are 

-1- 3 _3 1_ 3 3 

•2 *J ) 5 <> • 4 f > 9 l 2f 7i o 9 1 K • 


44. Now we shall solve some Miscellaneous examples 

on H. P. File first two of them are important. 

Ex. 1. Three quantities a, b, c are in A P, G. P„ 

or H . P. according as 

a — b a a a 

.-— or . or 

h — c a b c 


First case. When ~—- = — , we have 

b — c a 

a — b — b—c 

or a + c— 2b 

Hence a, b t c are in A. P. 

Second case When “ ^ we have 

b — c b 

ab—b~ — ab—ac, or ac — b 2 
Hence a , b, c are in G. P. 


, we hav e 


Third case. 


When ^ — —we have 
b — c c 


a — b b — c a — b__b — c 
a c ab be 

1111 

or l " == -7 • 

bach 

Hence a, b, c are in H. P. 

Ex. 2. // /l, G, // f/tc Arithmetic, the 
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Geometric unci the Harmonic means between any two 

positive quantities , then 

(i) A,G,H./onn aG.P. 

and (f f) A>G>H. Then 

Let a and b be the two quantities. Jnen 

A= a ^ : G= Sab ; • 


_ a + 6 v 

(t) Now A. H 2 <t + 6 


ofe — G". 


Hence A, G, H are in G. P. 

(,'»') A-G =«±!>-^ ab = ±(a + b-2y/«b 

= j (V a-V ^) 2 
2 

which is positive, and therefore A>G. 

/ 2ab V a b(a 4 - b^2yub) 

Next G - H= Vab a + b 

VgMVff-V &)2 

a + b 

which is positive, and therefore G>H. 

Hence wppn anv tw0 positive unequal 

? enC fort a’ G P m descending order of n agn,- 
numbers form a U. r. 

^Question : How will the proof of (W above be affect- 

ed, if a and h are not positive . geoiretrially 

Ex 3 Representation of A, Cr and n K . b 

Let AB and AC represent the two quantities « and b. 

Draw a semi- 
circle on BC as 
diameter, and draw 
AT a tangent to the 
semi-circle as shown 

in the figure. Join 

OT, O being the 

middle point of BC 
and draw TN perpendicular to BC. 

Now, A = i(« + *) * 

=$(AB + AC) 



94 


H = 


= Mao-bo+ao + oc] 

— AO. since [BO = OCl 
G = V ab 
= V A B. AC. 

= v / AT 2 = AT. 

tangent and segments of a secant. 

2a h 
a + h 
= 2.AB AC 
AB + AC 
ABAC 

MAB + AC) 

_ AT 2 
AO 
“AN, 

4ince from the right-angled triangle A TO, AN.AO-A P'» 
Hence, A, G, H are respectivelv represented hv the 
lengths AO, A 1' and AX. 

Ex. 4. If a, h, c be m H. P., show that < 7 “-bc~> 2b 2 . 
We are given that b is the H. M. between a and c. 
Since the G. M. is greater than the H. AT., we have 

V (tc> b. i. c.y ac > b 2 . 

Now a “he — 2ac i< a positive quantity : 

a 4 " c > 2 ic 
1 1 ence a 2 -f c 2 > 2b 2 . 

Ex. 5. If a. b , e be in H. P., show that 

* + c- • c + n ’ a + b :lre als ° H - P - 
Since <r, b, c are in H. P., we have 
1 1 1 


i. c 


a ' b 
a + b + c 


in A. P. 


i. e. y 1 -b 
i. e., 
Hence 


a 

b -he 

a 

h -h C 
a 
a 

b + c 


*7+ 6+ c 
b 

c -b a 


1 + 


b 

c —h a 


a -h6 +c . 

-in A. P. 

c 

, , a -h b . . _ 

1 4-in A. P. 


c~ha 


c 

a 4- b 

c 

_C_ 

a + 6 


in A. P. 


are in H. P. 
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Ex. 6. If a. b , c lie in G P. ™d if c 7 , ^how 

that .r, y\ z are in H. P. 


r 

X and c = b 


Here a' = b y =c give a = b 

y + ? 

, x z 
oc = o 

But a, b, c are in G. P. ; /. < 1C 


= /> 2 


Thus b~ — b 


, /G +J .) 


2 - K - + =) 


1 


1 


\ 

y 


* AA a p. an”an P H.P. have the same hrst 
term, the same last term and the same mini er 0 XeX [ in ’ 

independent of r. . , erm and n 

Let « be the hrst term, and / the last tern , 

the number of terms in each series. 

Let d be the common difference of the A. 
that of the arithmetic progression correspond g 

H. P. Then we must have 


/ —a + — l)^» and 


1 

/ 


1 

f7 


whence 




+ {u 0 ^ ’ 
a — / 


n-1 ’ 


and 


r/' 


« (i) 

" , ( \ \J from the beginning, 

Let t be the rth term of the A. 1 . uom i 

and t' the rth term of the H. P. from t i*-- 

t — a + (r ~~ 1 V. 


and t' — ~j~ (t 1W 

1 . (r-lV 

== T + — ST” 


[from (l'l 


= 4*(r— 1)‘*I 

al 
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Hence tt'—al, which is independent of r. 


EXERCISE XIX 


1. Find the first term of an H. P. whose second 
and third terms are 4* and 4 1 \ respectively. 

2. What is the second term of the H. P. whose first 
and third terms are h and respectively ? 

3. What is the FI. M. between 34 and If ? 

4. Insert 3 Harmonic means between 4 and }. 

5. Find 5 Harmonic means between •£- and ^. 

6. In the series %, f...find the 6th term. 

7. What is the 20th term of the series 5, f , 1,... ? 

8. Find the nth term of the series 1, 4, —2, — i,... 

9. The third term of an H. P. is £ and the 13th 
term is 4^; find the 7th term. 

10. Continue the series r 3 f T , 4 tt + -J- +...to 3 terms 
each way. 

11. Between —3 and f insert two numbers such that 
the first three may be in H. P. and the last three in 

G. P. 

1 _J_ 1 

12. If be the H. M. between a and b \ 


find n. 


13. The sum of three numbers in H. P. is ji ; the 
first of them is ; find the others. 

14 I he G. M. between two numbers is 24 and their 
H. \I. is 14 g ; find the numbers. 

15. The A. M. between two numbers exceeds their 
G. M. by 4 ; and the G. M. exceeds their H. M. by § ; 
find the numbers. 

16. If the mth term of an H. P. be n and the //th 
term be tn, find the (i« + ;j)th term. 

17. If a, b, c be in H. P., show that 


18 . 

are in H 


J_ + _i + J_+_L 

a a — b c c ~ b 
If a 2 , b 2 , c 2 be in A. P.. 

P. 


= 0 . 

show that b c, c + fl.a + 6 
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19. If a , b % c be in G P., show that 


(7+6 


6 4 - 


• ^ 1 __' 

9 • 9 


C 


are in H. P. 


20. If tr, b. c be in H. P . «how that 

/J _i_I_ ^ 4- ^ —-f- | are in H. 1* 

« + b+c ’ b c + a ’ c » + ft 

„(6 + c) ’ bid a) ' c^+ft) ar<> H P 

21. If a, b, c be respectively the pth, qth and rth 

terms of an H. P., prove that . 

{q- r)bc 4- (r - p)ca 4- [p -q)ak - 0. 

22. Prove that the equation 

a ( b -c)x 2 + b{c-a)x + c(a-b) = 0 has equal roots, 

if a, b , c are in H. P. 

23. If n, b, c be in H. P., prove that 

1 + JL = JL 

r .A fe + rr ,fe±c = /? 

r-<T + fc-C - 

24. If a, ft. C be in A. P. and if P, q. r be the 

Geometric Means between ca, ab ; ab, be : be, ca, then 
prove that 

(*) p J , g 2 , r 2 are in A. P. 

(n) r/4-r, r + A />4-<? are in H. P. 

25. Show that x, 3’> 2 are m ^ 

a - x ^a - y^/T- z and if p t Qi r are in A. P. 
px qy rz 

26. If a, b, c be in A. P., and if b, c, a are in H. P., 
show that c, a, b are in G. P. 

27. If o, 6, c be in A. P., ; ,n (l * P * ’ 

and ci, j8, T in H. P , then 

a , Y a , c 

V a c a * 
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28. It a , b, c, d be in H. P., show that a + d >b + c. 

29. Given that a, b , c are in G. P , that p is the 
A. M. between a and b, and that q is the A. M. between 
b and c ; show that b is the H. M. between p and q. 

30. If </, b , c be in A. P. show that 


be 

a^b -be) 


ca 

/;(c + a) 


ab 

c(a + 6 ) 


are in H. P. 


31 In the figure of Ex. 3, Art. 44 show that 
A > G > H • 

32. If the terms of an H. P. be multiplied with, 
or divided by any the same number throughout, the result¬ 
ing terms also are in H. P. 
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CHAPTER VIII 

Some Otli er Series 


45. We shall now consider the summation of some 
such series as do not fall under any of the foregoing heads. 
Such series will admit of simple methods of summation. 

From what has been said about the three Progres¬ 
sions, it is clear that a series can be summed up easily 
when the law of formation of its successive terms is 
known. In the summation of any series, therefore, our 
efforts will generally be to establish the law. It will be 
noticed that in most cases the law is e=tablished by find¬ 
ing the nth term ; or the general term as it is called. 


46 Before proceeding with the proper subject 
summation it will be useful to explain the notation 
(sigma). This Greek letter 2 when placed before 
//th term signifies the sum of all terms got by giving 
positive integral values to n. Thus 

2/7 signifies 1+2 + 3 +.+ « ; 

v « n . a , a 2 , aj , a" . 

2— signifies i + 2^3^ .^ /7 ’ 

2« n signifies l+2 2 + 3 3 + 4 4 +.+ »" 


of 

2 

the 

all 


77 = 10 

2 (1 +2/7) = 3 + 5 + 7 + 


+ 21 


It” should be noted that 2 does not indicate the 
actual value of the sum of a number of terms as S does. 

Two Important Theorems on 2. 

(1) To show that '£af(n) = a£f(n), where fin) repre¬ 
sents a function of n, and a is a co efficient independent 


of it. 

Here, T„ = «/(-<) so that 

Ti = a/(1), 

T ,=o/(2), 


• i • • • • 

T„_t = a/(n-l) 

T „ = <*/(«)• 

Sa/(») = T a +T 2 + ... + T„_t+T„ 

= «r/(l)+/(2’ + ...+/i<'-l)+/(»'] 
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Example. Show that £2(« 2 )—2£« 2 
Here, T r , — 2.n z 
Ti = 2.F 
T,= 2.2 2 


T n —1 -=2(// — 1 ) 2 

T„ = 2.// 2 . 

£2(;; 2 ) - ri+T*4-... + T n -i+T„ 

= 2[l 2 -4-2 2 H- ... H- — ' 1 ) 2 -f-f/ 2 l 

= 2 LV. 

(2) To show that £{ 4- F(//)} 

= £/(«) F£F(>/), 

where/(//d and FF/) are function^ of n 
Here T n — /(//) F F'/*) 

Ti = f(\) + F( 1) 

T 2 = /(2)FF(2) 


T1) F Ff« — 1) 

T.,=/<«)FF(n) 

£{ ) F I' 1 //)} = Ti F T?F ... F r„ - 1 F In 

= [/m+/i2)+... +/(«-D+/f/#)] 

F [F< n F F(2) + ... F F(/i -1) + F(/j)] 
— £/h/) F £F(»/). 

PLx. Show that £ //“F '.■) = £/rF £('/). 


/ 47. Arithmetico Geometric Series. A type of 

senes in which each term is the product of the corres¬ 
ponding terms of an A. P. and a G. P. is called the 
Arithmetico Geometric Series 


For example the A. P. 

a F 'a F ./) F (a F 2d) F.F (a -F n — 1 d) 

and the G. P. 

1 F r F r 2 F ...... F r n 1 

will give the Arithmetico-Geometric series 

«F(«Fti)rF^F2(f)rH.F(rr F n — 1 d)r a ~ l . 

Since the law of formation is evident, we shall at 
once establish the method 
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To find the sum of an AritJunctico-Gcometric 
series upto n terms. 

Suppose S is the required sum of the above series. 
Then 


S = it 4 (<7 4* d)r -H u T- 2d)r~A . 4 (a 4 n — 1 d)r n 1 

rS — ar 4 (</ 4 d)r~ 4 ... 4 (rt 4/« — 2d)r : ' ~ 1 + (u 4 // — \d)r n . 
Subtracting 

(1 — r)S — a 4- dr 4 dr~ 4.4 dr" ' — {a 4 n — 1 d)r" 

which, except the first and the last terms, is a G. P. of 
a ~ 1 terms. 

U-r)S = fl4‘---—— — {a J rn — \d)r'\ 

1 — r 


/ i-r 

Cor. If r < 1 and 


_ ji_ , dr(J —r“ («4w- \d)r n 


sum 


(1 -rf 1 — r 

and the above series is infinite, then the 

is given by S = r since the limit of 

, s /ero w hen n approches infinity, r being 

1 — r 

less than 1. 

Ex. 1. Sum to n terms and to infinity the series 

14 5x49;r4 12* 3 4. 

where x < 1 • 

Let S n denote the sum to n terms and S the sum 


to infinity. 

Then S« = 1 4 (.1 4 4)x 4 ( 1 4 2A)x l 4 ... 4 ( 1 4 n - 1 .4)*" “ 1 
a: Sn— .v4(14 4)44. 



4(1 4« — 2A)x' 1 4 (1 4 ii — 1 A)x" 

(1— x)Sn=l44:*:44*'4...44:£ n 1_ (4 n — S)x n 



\x (\-x n * ) 
A-x) 


— (4-n — 3)x n 


„ 1 4*(l — * n *) _ (Ax — 3).r n 

Sn ~ 1 -* (l-xf 


\-x 


• * 


a-*;' 
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1 , 4 x 

Evidently S % - j _^ 

Ex. 2. Sum to infinity the series 

^ , 7._ 10 . 

1 5^5" ^ 

Let S be the required sum. Then 

s=i-;+j-5? + . 

- 5 - 5 + i'i + . l ° “ 

(’+5>^ 1 - 3 5 + 3 ^-y + . to “ 

_ ! _ JL. ^ 

1 1 + 5 ’ 

S=/ 3 . 

Ex. 3. Find the sum to n terms of the series 

, 1 +2++ 3"*'+ 4^ +. 

.a, /Let S denote the sum to n terms. 

L S=l + 2 s * + 3V+4V+.:n 

xS = .v +■ 2 -t + 3V +.+('«-!r.r + » * 

(1 -x)S= 1 + 3.v+5.v- + 7.v 3 +.+ (2 u-D* 

— n*x .U ) 

Agai/i, multiplying by *, _i 

M + (2»«-l)* n -w 2 * n+1 .(2) 

Subtracting (2) from (1) we get 

(1 -*rs= 1 + 2 * + 2-»r + 2 * J +... + + l)x 

= i + - ( „ 2 +2« - i )*"+« V +1 

1 

1 (\-x n ~')2x [n 2 + 2n — 1 )x" 

S = [Prf + (l-*) 3 (1 — x) 2 

■r x n+1 

+ ( T ^) 2 


• • 
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Note .—Evidently the sum to infinity is 

1 2x _ 1+* 

(l-.r) 2 + (l-xY (l-*) 3 




EXERCISE XX. 

1. Sum i + 3 + + 7 +i?r +.to n terms. 

2 Sum 1 + J + -T 5 + • -to oo . 

o e i 5 , 9 13 , _ 

3. Sum 1— 7 TT’ - ^ + ...to co. 

6 o o 

4. Sum 1 + l+i+£+r*+--.to « terms. 

5. Sum § — | + ? 8 r--Jr +.to co. 

6 . Sum 1 + 2.2 + 3.4+4.84-.to // terms. 

7. Sum l+¥ + A + A Q 5 + . to ti terms and hence 

to co. 

8 . Sum 1 + 4 * + 7* 2 +10 * 3 + ...to n terms. 

9. Sum 1 + 3a: 2 + 5 * 4 + 7 * 6 + -. to n terms and hence to 
co .when x< 1 . 

10. Sum l-* + 2* 2 -3* 5 +...to oo, x<\. 

11. Sum 1 4 3 2 A: + 5V+7V+...to oo, *<1. 

12. Sum v. + rd + A + iVV +.. .to co . 

13. Sum n + (n —■ \)x + (n ~~' 2)x~ +.to n terms. 

14. Sum 1 +(1 + <r)r + (l + rz + a 2 )r 2 + (l +rr + fi 2 + n i )+ 
+ ...to oo, where a and r are proper fractions. 

15. Sum 1 + — (i+*)+” 2 ~( 1 +* + * 2 ) + 

a a 


^ 3~(1 +* + * 2 +*’) + • - -to co, where a > 1 and xL \. 

16. Show that 3* .9*.27 ll °.81*-...to *>=3. 

P+48 Natural Numbers. 

V I. To find the sum of the first n natural numbers. 
Let S denor- 1 ” ' 


+ l-» Cd 


rn r-r> 


S = 2«. 

It is an A. P. with first term and common difference 
each equal to unity. 

.*• S= [ 2X l + (« — 1) X 1 j 
«(« + !) 


i 
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Note .— Ueing tbo J] rotation. 



n{n + 1) 
2 


we can write this formula at; 




9X 10 
2 



II. To find fhe sum of the squares of the first n 
nuturaI numbers. 

Ivet S denote the sum 1 J + 2 J + 3 J 4-... + /r. 

Since, we know that for all values of x 
x' — (x — 1) J =3jtr — 3x + 1, 

R ,v >np to x values 1, 2. 3,. n— 1, n successively, we get 

1 3 — 0 3 = 3.1 2 — 3*1 + 1 
2 — 1 5 = 3.2 2 — 3-2 + 1 
3 3 — 2 3 = 3.3 2 — 3 - 3 + 1 


(it — 1 ) 3 —— 2) i= 3(/t — 1)" —3(/i— l) + 1 
>T — {n — 1 ) 3 = 3/r — 3 >j + 1. 

Adding up both the sides of these equalities, column 
by column we have 

//•’ = 3( 1 ”+ 2“ 4- 3 J 4-... + ;rj — 311+2+3 + ... + //. 


4- n 

n — 3b — 5 4-// 

3S — it J — // 4- §//(// 4- 1 j 
~ti{n 4-1 ){(;* — 1) + $ > 

= hidn + l)( 2n + 1) 

S = ««(/* 4- 1)'!2«4-1). 

Note .— T J 'lug th * >] intui-m wo can write Ibis formula a- 

Lbr= }.n(u + 1 '(2/1 + 1). 

;/-=20 

Ex. 20(20 + 1 )(40 4-1)— 2870. 

;/- 1 


III. To find the sun of the cubes o< the first 
natural numbers. 

L,et S denote the sum l 3 -*-2 s 4-3 : 4- .. + u : , 

Since for all values of x, 

x 4 - (x—1 /=4x* 3 - ox 2 -f*4* — 1, 


giving 

'V C> 


ro .v values 1, 2 ; 3,..u — !, *t successively, we r 'et 


n 
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l 4 — 0 4 = 4.P — t>.l 2 4 4.1 
2 4 — l 4 — 4.2 J — 6.2~4-4.2 
3 4 — 2 4 = 4.3 3 — b.3 2 4-4.3 


- ] 
- 1 
- 1 


(;/. — l) 4 — (u — 2)‘ = 4 « — l) 3 76U-li : 44U-l)-l 
— 1) 4 = 4/F —6/r4“4» — 1. 

Adding up both the sides of these equalities column 
by column, we have ... ,, 

= 4 [ F + 2 J 4 - 3 J 4 -... 4- n 3 \ — 6 [ 1 " 4- 2 “ 4- 3“ 4-... 4- tf J 

4-4[14-24-34-...4-/j] — n 

, jc c. «0» + l)(2« + lj . 4 »(»*+!)_ 

u — 4b —b. g '*• 2 

4S = 4 - , t 4- ,i( /t 4-1 )('2n 4- 1 ) - 2n(n 4-1) 

= uU+lK0r-»4-l) + (2u4-l)-2> 

= »(»4 l)(;/ 2 4-u) 

= tf(n 4- l) 2 . 


or 


• • 


s- r-^-'-T. 


Note— Using the notatioD we cau write this formula ah 

J «(».+J) } ' = (£„,=. 


£» 3 = | 


2 5 

Notice that f/t <3 sit/u o/ /cubes of the first n 
natural numbers is the square of the sum of the first n 

natural numbers. , > 

Caution. — (2»r is not the same thing as Ltr. — " / 

Ex. Find the sum of n terms of the series whose 

n\h term is an l -\r bn 2 + cn 4- d 

Since T n — on 3 -\-bn 2 + cn 4-</, 

Ti=«.l 3 4-6.1 2 4-c.l 4-</ 

T 2 = rt.2 46.2 2 4o.24rf 
'1% = # .3 3 4-&.3 2 4*c.3 4-^ 


T P ._i = rt('i— l/-t'6(n“ l) 2 4-c(«- D4-rf 

and T n = an 3 + bn~ + cn+d. 

Thus if S denotes the required sum, we have 

S = Ti4-T;4-T : 4-.4-T n -i + T n<i 

= ir( l 3 + 2 -> 4- 3' 4-... 4- >i 3 ) 4- 6(1 “ 4- 2“ 4* 3” 4-. 
4- c( 1 4- 2 4- 3 4-... 4* n) 4- dn 


.. 4- ;t“) 
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ti 




2 1 ; 1 l(tl 4- \)(2n + 1) 
+ h — 6 


. n(n+l) 

^ -van. 

yfotc. Using th*i V] notation, thi« equation can be solved 


i hu» : 


S — L 1 1 , — + btr 4* cn + d) 

— all n* + &U//“ +cU« + dn 

- , ( " f 'i 4 - 1 ) ) ‘ , //(// 4 - 1 )( 2 // 4-1 


i 


2 


I 


+c ,,( " 2 +1 4rf». 


49. Method of Differences. Often it is not easy 
to find the general term, and therefore, the sum of a series, 
although the law of formation of the series may be recognis¬ 
ed. In some cases it becomes helpful to frame another series 
from the given series. Thus if Fi, T z , T 3 ...be trie terms of 
the given series, then the new series generally framed has 

its terms (T*-Ti), (T 3 ,-T a ), (T 4 - T.T... .This new 

series may belong to a type ot series whose general 
term Fn can be easily formed and therefore, in general, 
the sum of the original series may be calculated. 

1 he method will be clear from the following examples 
Ex. 1. Sum to it terms the series 


28 4-50 4-78+1 12+. 

If S is the required sum, then 

S = 28 + 50 + 78 + 112 +.+ T n 

Also S= 28 + 50 + 78+ + T„.i+T„ 

Subtracting, 0= 28 + 22+28+ 34 +.- T„. 


On the rignt-hand side there is a series of u + 1 terms 
Excluding the first and the last terms, the remaining n - 1 
terms form an A. P. Hence 

T* = 28 + ^-^{2.22 + («--2)6> 

- 28 + 22 (n ~ 1) + 3(n - 1)(» - 2) 

— 3n +13 «+ 12. 
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1 & 2 ] 


it 


Now S = ST„=2(3ir+13/< + 12) 

= 3XJ/r+13XJ// + 12// [Art. 44 lheor. 

_>/(// +_1 )(2/i + 1 i 13n(n 4-1 ( . . y 

Z 2 

= */ 3 + 15/r + 12//. 

Ex. 2. Sum the series 3 + 33 4-333 4-.to // terms 

Let S be the required sum. Then 

S^3 + 33+333 + 3333 +.+T„ 

\lso S= 3+ 33+ 333 + ... + T„-i + T n 

0 = 3 + 30 + 300 + 3000.- T n 

Tn = 3 + 30 + 300.to n terms 

= 3(10^lIl == ^ (1 o n -i). 

10-1 3 

Hence n = l<'s(10 ~~\) 

=KSlo“-«} 

= ^{(10 + 10 2 +10 J +.+ 10 n )-»> 


-H 


10(10"-1) I 
-* 11 ( 

9 


II 


= -§( 10 n -D- 3 • 

50 Mathematical Induction. There are many 
important formulae which it is not e ^y to establish 
directly. Yet they are true. Their validity is ascer 
tainedby what is called the process of Induction. The 
method will be best explained and illustrated by an 

example. 

Ex. Prove that the sum of the squares of the first 

* « • V 


n natural numbers is 


rt(n + l)(2rt + l) 


Assume that the formula is true for certain definite 
positive integral value r of Then we must have 

, 5 . * r(r J r l)(2> -l-1 )_ 

1 2 + 2 2 + 3 2 +.+ f 2 “-6 

|<ow add 0 + l) 2 to both the sides. 
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l : +2 : +3' +.+ r : + (r+l) : 

_>'(> + \)(2r± 1) 
6 


+ (r + 1 ) 


y “4* 1 

~ "g" {^(2r + 1 j + 6(r + 1) 

( V+ 1 )'r + 2)(2r + 3) 

f 

o 

winch is exactly the same as would he got hy giving to 
ii the value /--hi. So that we establish that if the 
formula is true for a certain integral number r , it is also 
true for the next integral number r + 1. 

2.3.5 
6 ‘ 


But 1 J + 2 : = 5 = 


It means that the formula is true when n — 2. It 
must be, therefore true for n = 3, and therefore for n= 4, 
and so on. 

Hence the formula i> true for all positive integral 
values of n . 

Notice that mere are three steps of the process. 
Firstly , to show that if the formula is true for a certain 
number r, it is also true for r+1. Secondly, to show that 
the formula is true for the numbers 1, 2, 3. Thirdly, to 
generalise. 

EXERCISE XXI 


1 . 

2 . 

3. 

4. 


series :— 

(t) 

(ii) 

(Hi) 

(iv) 

M 


KVi, 

(vii) 

(viii) 


Sum 2" + 4“ + 6“ +.+ to u terms. 

Sum 1~ + 3'; + 5“4-.to n terms. 

Sum l } + 3“+5 3 +.to p terms. 

Bind the nth term and the sum of // terms 


I. 

2.5 + 5.8 + 8.11 +. 

2.7 + 3.8 + 4.9 + 

3' +1 + 11+. 

1.2“ + 2.3- + 3.4' +. 

1.3.6+2.4.8 + 3.5.10 + 



the 
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5. Find the sum to n terms of the series whose 
general term is 

(t) (;/ + l) 2 (it) (;/+l)(//—2) (tit) 2/r — 1. 

(iv) 3// 3 +2 (v) 2 n -r-6// 2 (v *) 2w 3 + 3«*+/i. 

6. Show that (2n — 1)4- 2(2»/ — 3) + 3(2;/ — 5) +.to 

n terms is equal to 1 2 + 2" 4- 3 2 4-.. .to u terms. 

7. Sum l+(l+2) + (l+2 + 3) +.to n terms. 

8. Sum l 2 + (1 2 + 2 l ) + (l 2 + 2 2 + 3 2 ) +. to;/ terms. 

9. Sum the squares of n terms of an A. P. whose 
first term is a and common difference d. 

10. Find the ;ith term and hence the sum to ;/ 
terms of :— 

(0 2+7+14 + 23 + 34+. 

(it) 1 + 3 + 6+10+15 +. 

(Hi) 1+4 + 8+13+19 +. 

(iv) 3 + 13 + 29+51 + 79 +. \C\ 

(v) 1 + 5+11 +JjJ_+ 29 +. 

11. Find the «th term and the sum to n terms of the 


series 


(f) 

(a) 


6 + 9 + 21+69 + 261 + 
5 + 7 + 11 + 19 +. 


(Hi) 

1 + 5 + 21+85+. 

(iv) 

1 + 3 + 7+15 + 31 +_ 

12 . 

Sum to n terms by find 

series :— 

1 + 1 + 1 + 1 + 
1.3 3.5 5.7 7.9 ’ 

(i) 

(ii) 

1 . r. 1 . 1 

1.4 4.7 7.10 10.13 

(Hi) 

1 + 1 ... - 
^>(^> + 2) (i> + 2)(£> + 4; 

13 . 

Establish by Induction 


of the 


+ 


(i) 1 + 2 + 3 + ... 

(if) 1 3 + 2 3 + 3 ^ + 


+ // 


3 _ 


ll 

t 


// f n + 

2 


"] 


(Hi) 1.2 + 2.3 + 3.4+.+ u(n + 1 ) = £//(// + 1 J( // + 2). 

/. x 1 , _ 1_ , Lj. ._1 _ J} 

Uv) 3.5 5.7 7.9 . (2/i + i;-2// + 3) 3(2//+ 3). 

14. If x<l and y — 1 + \x + 7a: 2 + 1 0* 3 +. ad 

infinitum ; show that *y=l+>’± V+ + 3 y. 
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Miscellaneous Questions II. 

1. Sum up to //terms the series 0-7 + O’71 +0-72 

+ ° 73 + .... (P. u. 1923; 

2. There are n arithmetic means between 54 and 3 
such that the (n — 7)th mean is to the 3rd mean as 3 : 5 ; 
find //. 

3 Four numbers in A. P. are such that the product 
ot two extremes is 27 and the sum of the two means is 12; 
find them. 

4. I he sum of two numbers is // times their Geomr - 
trie Mean. Compare the numbers. 

5. Sum up to 9 terms the series £§- — £+3 — . 

6. Find tne //1h term of 4 4- 4 ? +4 + 5 +. 

(P. U. 1918) 

7. In tlie A. P whose last term is 13 and common 
differ-nee 2, the sum of how many terms will be 40 ? 

8. Sum up to infinity the series 2+2+§+l+£+ . 

If S denotes the sum and Sti the sum of the first n 

term9 of the series, find n for which S — S/z < or =h. 

(P. U. 1933) 

9. If // is odd, find the sum of l+2 2 + 3+4 2 + 5 

+ 6 J +. .to 11 terms. 

10. If the ///th term of a series in H. P. le // and the 


nth term be ///. prove that the rth term is *- 11 . 

r 

11. If x=g find the value of 1 -+* 4x + 9.r’ 4- 16+ 

4*.to infinity. 

12. Find the least value of n for which S — Sn 
where S denotes the sum to infinity and S// the sum 
terms of the series 

l+-J+7+£+,\;+. (P. U. 

13. Sum the series 

</) 2+5+10+17 + 26 +.to// terms. (P. U. 

(nj 1 ~ x~h2x~ — 3*’ + 4+ — ...to infinity. (P. U. 

(*”) 1 — 2 2 + 3 2 - 4-’+.+ (2/» - 1 ) 2 - (2 n) z . 

t yf - (P. U. 

1 H. Sum the series ;— 

»-l+(«-l).2 + (w - 2).3 + (/* — 3).4 +.+ l.„. 

15. If ,n is the A. M. of // consecutive integers, 
that the sum of their cubes is m n i tn 2 + -}{n 2 — f)> 

(P. U, 


+ 25+ 
<03, 

to n 

1932.) 

1921) 

1932) 

1931) 


show 


1927) 


- '» 
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16. Oranges n in number are so placed on the ground 
that the distance between the first and second is one 
foot, between the second and the third three feet, between 
the tbird and fourih five feet, and so on. A child is asked 
to collect them one by one in a basket placed at the first 
orange. Find the distance walked over by the child after 
he has collected all. 

17. What number must be subtracted from each of 
the numbers 13, 15, 19 that the remainders may be in 
H. P. ? 

18. Divide 25 into 5 parts in A. P. such that the sum 
of the squares of the least and greatest is less by 1 than the 
sum of the squares of the other three. 

19. Sum the series :— 

it) 1.3 2 + 2 4 2 + 3.5‘ i +.to ti terms. 

(ii) 1.2+2 2 .3 + 3 2 .4 +.to n terms. 

20 If a. 6, c, be in A. P. and a, b, f/, in H. P., show 

that ^ = 1 _2U^6) 2 

a ab 

21. Show that two series in -\ P. will have the same 
ninth term if their sums to // terms are in the ratio 
3ii + 31 : 5n— 3. 

22. Sum to n terms the series 1° — 3° + 5 J — 7 3 +. 

23. If a: be the G. M. and a , b two Arithmetic Means 
between two numbers ; show that x 1 — (2a — b)(2b — a). 

24. If a 2 + b 2 —c 2 , b 2 + c 2 —a~, c~+a~ — b 2 be in G. P., 

show that ^ + ~b i ’+ + 6- ’ f 7 + c ! are in R 

25. If a i, a 2 , 03 , . a n be in H. P., show that 

aia 2 -\~a2(23 + 030* +. +Ou- \o u — (« “ 1 )o\o u . 

[Let d be the common difference of the corresponding 
A. P. Then 


show that 


a 2 a\ 


02 


O n-1 


a n t 

n— 1 
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. (7 \ Cl 2 _ Cl 2 ' Cl 

and a — -- 

a it7 o a-zci - 


Cl n — ^ 

— \ a u 


- — -- Hence.] 

.4-<7 n _ U'n 

26 If in the equation 

( ii : 4- h 2 4- c 2 ).r 2 — 2 (ab 4" be 4 cd)x 4- h 2 4“ c 2 4- d 2 — 0 
the quantities a , 6, c, d and ,r are all real, show that <?. b. c. 
r/ form a G. P with common ratio .v. 

The even equation is 

(ax - h) 2 + ikx - c) z + (cx - d) 2 = 0 ax — b = bx~c 

= cx — d = 0, and so on.' 

27. If Sr denotes the sum of the rth powers of the 
terms of an infinite G P. whose first term is a and 
common ratio v. then show that 



Substitute and simplify. 



28 bind the sum ot all fractions of the form 


6‘i 


where p and q have all positive integral values from zero 
to it — 1. 


29. In an A. P., a is the first term and d the common 
difference ; show that the sum of the cubes of n terms is 

mr 4 - *.11(11 — 1 )a 9 d 4 - }.ii(n — 1 (2n — 1 'ad 2 $tAii — 1 Yd . 
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30. Between a and b are inserted n Airthmetic and a 
Harmonic Means, and a series <>t // terms is formed by 

dividing each A. M. by the corresponding II. M , show that 
the sum of tne series is 

n 4 - 2 (a — b )~ \ 

;/ + 1 ’ bah ) 


u 


( 


1 + 


( 


It A r and H,- be the rth A. M. and H. M. respectively 


a( u + 1 4- r(b — q) . _ ( n 4~ D ab 

then A,-= - , , - :UK > H r- 6( „ +1 y +r(a _ 6) - 


// + 1 


r 2 (a — b * 


Then prove that ^=1 + ’ ( " + ^ lb {ll + 1 y clb • 

Now give to r values 1 to n and add 

Sum = n 4- r~~r~r\r , \ 1 + 2 + 3 +.+ *} 

[u + 1 )ab 

— ^ a ,-A^—r \ 1 2 + 2 2 + 3 c +.+ n 1 } etc., etc.') . 

l/t +1 yab / 

31. Sum (] + „ )(2 + „) + (2 + ,7)(3 + //) + (3 + »/)<■4 + ;/) 

4-.to n terms. 

32. Sum rr— -r—. 


(1 + //)(1 + n 2 ) (l+»**)( 1 + /P) 

2 

.to n terms. 


n 


2 + 2 // 


+ tT+;?7(l+n‘) + . 

OQ 4- 2 + // _ . 

bum ( \+ n) (i + 2n) (3 + 2//)(5 + 4#i) 

+ ( 5 tB^-87.) +. ^ infinitum. 

34. Sum the i 11 finite series 

, A ' ,+ . ' r ' 4 + . --» +. 

1 — x 1 — .V 1 — X 


( 


1 — X 


■ £ is the sum of the G. P. whose lirst term is x and 


common ratio x ; 

- ^.v + .r 3 + .r 5 +.Similarly -* =x~ + x 

1 — x \ — x 

-\~x U) ~\- .: and so on. 


• • 


Hence the i-uin = A:+^ + ^ + A: 4 


) 
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, V" Permutations and Combinations. 
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51. Important Principle. Problems of the follow¬ 
ing type often arise in everyday life :— 

Ex 1. In how many wavs can two students select 
a book each Irom a set ol 4 books ? 


Obviously the hrst student has 4 ways of selection at 
ns disposal. After the liisi student has made his selec¬ 
tion which ht. can do in / ways, the second can select a 
book m three wavs. Thus if ", h, c, d be the names of 
the books, then the different selections can he tabulated 
a^ below : — 


1st student 


a 


t 


/ 


..'nd student />. c. d ", c, d a, h , d a, h, c 

J ins table shows, as is otherwise also clear, that 
with each selection by the first student are associated 
three different selections by the second student. The 
number of the first selections being four, it follows that 
the total number of selections by the two students is 
4X3=1 2. 

The above example is a particular case of the general 
theorem :— 

If one operation can he performed in m different 
ways, and when it has been performed in any one of 
these ways, a second opera!ion can then he performed 
in n different ways ; the number of ways of perfor¬ 
ming the two operations together is mX n. 

If the first operation can he performed in one way 
only and tin: second in n ways, the total number of ways 
of performing the two operations is n. 

It ilie first operation can be performed in two ways 
and the second in n ways, I he total number of ways of 
performing the two operations is 2 v n 

If the first operation can be performed in three ways 
and the second in n ways, the total number of ways ot 
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performing the two operations is 3 x n. 

So on and so forth. ' 

Hence generalising, if the first operation* can be 
performed in /// ways and the second in // ways, the 
total number of ways of performing the two operations is 
m x it. 

Cor. If cue operation can be performed in in ways, 
a second operation in // ways, a third in /> ways, and so 
on ; then the number of ways of performing all these 
operations is m x n x p x. 

Ex. 2. In how many ways can a class time-table 
of the first four periods be framed when the number of 
subjects taught to that class is 9 ? 

The first period can be filled in by 9 different, sub¬ 
jects. 

When it has been done, the second period can be 
filled in 8 different ways ; and with each of these ways 
are associated the 9 ways of filling the first period. 

Thus the number of ways of filling the first tw ) periods 
is 9X 8. 

After the first two periods, the third can be filled in 
7 different ways since there are only 7 subjects left ; 
and with e ich of these ways are associated the 9X8 
ways of filling the first two periods. Thus the number 
of ways of filling the first three periods is 9 x 8 x 7. 

Lastly, as there are 6 subjects left, the fourth period 
can be filled in 6 different ways ; and with each of these 
ways are associated the 9X8X7 ways of filling the first 
three periods. Hence the total number of ways of filling 
the first four periods is 9 x 8 x 7 x 6 = 3024. 

52. Definition. In the Example 1 of Art. 51, 
all possible arrangements of a number of things taken 
some at a time have been obtained. 

Each of the arrangements which can be made by 
taking some or all of a number of things is called a 

The number of permutations of n different things 
taken r of them at a time is symbolically denoted by n P r - 

<J| 
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53 To find the number of permutations of n 
different things taking r of them at a time. 

In other words to find the value of n P T . 

In the light of the Example 2 of An. 51 this propo¬ 
sition means to find the number of ways of rilling r places 
out of the n giver, things. 

To fill the first place there are n things at our dis¬ 
posal. Thus there are n ways of filling the first 
place. 

To fill the second place, // — 1 things are left with 
us. The second place can, therefore, be filled in n — 1 
ways. But with each of these n — 1 ways are associated 
the //. ways of tilling the first place. Thus the first two 
places can be filled in n(n— l) ways. 

To fill the third place we have n — 2 things left. 
The third place can, therefore, be tilled in n — 2 ways. 
But with each of these ways are to be considered the 
—1) ways at filling the tirst two places. Thus the 
first three places can be filled in /*(// - !)(#/ — 2) ways. 

Borceeding in this way we see that the number of 
places filled up is the same as the number of factors 
obtained. 

Thus the number of ways of filling the r places 

— u[u — \ )(n — 2) .to r factors 

-n : n — 1 j(n — 2).(// — / — 1) 

— //(// “ 1 Yn ~ 2).(// — r+1). 

Hence we find that n P r = //(// — 1 )(/* — 2)...(// — r 4* 1). 

Cor. 1. The number of permutations of ;/ things 
taking all at a time is given by 

"Pi \ — n{n — 1 »(// — 2).to n factors 

— //(// — 1 K// — 2).3.2.1. 

Now the product of all natural numbers upto n is 
usually denoted by the symbol // or //! which is read 

“factorial n ". 

Thus “Bn- //. 

Cor. 2. 'T, - //(,*— l)(f,-2).Of — r+1) 

//f// — 1) . (n — r -4- 1)0/ - r)...3.2.1 
(n—r) .3*2-1 
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product of all natural numbers upto u 

product of all natural numbers upto n 
n 


of the above proposition mas- 


different 


11 — r 
v 

54. A second proof 

also be given as below :— 

lo find the value of “P r let us denote the // 
things by a, b> c, d . 

If we ignore any one of the things, a (say), the number 
of permutations of the remaining u — 1 things taking 
r —1 at a time will be 11 'Pf-i. Now with each of these 
permutations combine the thing a. Thus the number of 
such permutations of n things taken r at a time as begin 
with a is " 'P r _i. Similarly all such permutations as 
begin with b is ° ’Pr—i And so for all the // things. 

*• P r = n 1 P r — l ~h " 1 P r _i + “ 1 P r _i +.. .to n terms 
= //. n 1 P r _ i 
By a similar reasoning 

n ” , P r - l = («-l). B “ 2 P r - 2 

and n ~’“P r _ 2 = (H-2). ,, - 3 P r _ 3 


"“ r+2 P 2 L( n -'r + 2)h' + 'Y>x 

" r+1 Pi = ;/ — r + 1. 

Multiply together the corresponding sides of all these 
equalities and cancel like factors from each side, then 

"P r = iiht — 1 — 2) . (n — ; -f 

Ex. 1. How many numbers between 99 and 1000 
can be formed with the digits 2, 3, 7, 0, <S, 6 ? 

The numbers betw-een 99 and 1000 are made up of 3 
digits. Out of the given 6 digits we have to take 3 at a 
time. Thus the total number of such numbers is 6 P 3 . 

But from these we have to reject ail such numbers 
as have zero on the left. Now the place of zero being 
fixed only 2 digits out of 5 are required to form such 
numbers ; their number therefore is 3 P 2 . 

Hence the required number of numbers 

= 6 P 3 — 5 P 2 = 6.5.4 - 5.4 = 210- 20= 190. 

^- x * 2. How many numbers formed by taking all the 
digits 1, 2, 3, 4, 5 are (i) even, (**) less than 40,000. 
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(/) An even number must end in 2 or I. The place 
of 2 being fixed we have to arrange the remaining 4 digits. 

Thus the number of numbers ending in 2 is 4 P 4 . And the 
same is the number of numbers ending in 4. 

the number of even numbers~ 4 F\, -f- l P 4 -444 
= 48 . 

iii) The numbers less than 40.000 must have 1,2, or 
3nn the left. The place of 1 being fixed, the remaining can 
be permuted in l P, ways. The same is true for 2 and 3. 
the number of numbers less than 40,000 = 3. 4 P 4 
-3 4 — 72. 


y * 


*) 


»» 


) • 


y y 


i * 


y y 


% i 


♦ y 


y y 


% «* 


•« 


* * 


* y 


% « 


Ex. 3. ! here are 0 flags of different colours. How 

many signals can be given with them when any number 
oi flags may be used at a time ? 

1 lie number of signals when one flag may be used = 6 Pi = 6 

2 flags 

3 flags 

4 flags 

5 flags 

0 flags 

the total number of signals = 1 950. 

Ex. 4. How many words can be made with the 
letters of the word unction , the vowels being always to¬ 
gether ? 

Considering all the four vowels as one, the number of 
letters is 4. Thus the number of arrangements is 4 P 4 . 

Put the four vowels ran he arranged among themselves 
m ‘P 4 ways. 

Hence the required number of word2 = 4 P 4 X A P* 


• « 


y • 


y y 


y y 


y y 


y y 


y 7 


y y 


y y 


yy 


= f ’P 2 = 30 
= °Pj = 120 
= 6 P4 ~360 
= °P !i = 720 
=°P 6 =720 


• • 


- 24 x 24 = 576. 

Ex. 5. In how many words trained b the different 
arrangements of the letters of the word strange, the letters 
s, /, r will ne\er come together ? 

Suppose rhat the letters s. /, /• come always together. 
Then we have to arrange the five letters ( str), a, a , g, e. 
1 ins can be d me in 1A ways. Put in each of these 
arrangements the three letters s, /, /• ran be arranged 
among themselves in J P } wavs. Hence the total number 
of arrangements in which s, t, r are never separated, is 
3 P 5 X ! P 3 = i5X 3 =720. 
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But the total number of arrangements ot all the se\en 
letters is 'P 7 = 7 = 50-40. 

Hence the number of arrangements in which .«?, /, r 
never come together = 5040 — 720 = 4320. 

Ex. 6. In how many ways can n persons be seated 
at a round table, so that all shall not have the same 
neighbours in any two arrangements ? 

To seat at a round table the place of one man shall 
have to be fixed. The remainig it — 1 men can be arranged 
in — 1 ways. But this number inciudes all those arrange¬ 
ments in which the neighbours are exchanged. The num¬ 
ber of neighbours in each case being 2, we have to count 
such a pair of arrangements as only one. Hence the 
required member of ways is 4 n~ \. 


EXERCISE XXII 


1. 


2 . 


3. 


Find the value of :— 

d) 5 p 3 , 10 r * h Pg, la Pi. 

12 14 | 9 X 6 

9 16 * 1 16 

X S (* !) 2 


(it) 7 


15 


J 8 X / 


~ > 


: 7 


10 x 


(4 !V * 


Prove that : 

(i ) 15.14. 13= 15. (ii) // n-\ = n 

(Hi) | ;/=//(// — \).- (tt — r-F 1 i n — r. 


iiv) n P,- 


// 


(v) "J>„ = //X"- | P 


H —I 


n — r 

II - 1 


(vi) n Pr=»." ‘P« 

Find the value of u if • 
(i) n P,= 30. 

(a 


11 P i —- 30 X "P 2 . 
n Pr. = 20 ”P 4 . 


4. 


( ii ) 

Hi) n p;-r +1 P4. <*v) 

(v) 2 "P I1 _l=£2"- , P I , 

(vi) 9 P„ = 2X 9 P„... 

Show that (/) 2// - 2 "\ 1.3.5... 1)> 

(ii) 2n P„ 2. n { 1,3.5.. .(2;/ — 1)}. 


u 


C 


120 


5. A class room has 5 doors. In how m my ways 
can a student come in and go out by different d ors ? 

6 . T. here are 5 seats on a bench. In how many 

different ways can 3 students sit on it ? 

7. On a shelf there are 10 books. In how many 
ways can 10 students make their selections of one book- 
each from the shelf 

8 . How many words can be framed by the different 
arrangements of all the letters of the word client ? 

9. How many arrangements of the letters of the 
word camphor will begin with c ! 

10. How many different numbers can b- formed with 
the digits 1, 4, 3, b, 3. 2 ? How many of them will be 
even ? 

11. In how many ways can the digits 3, 2, 7, 4, 6, 3 
be arranged to form numbers between woo ;l nd 10 000 : 
How many of them will begin with 2 and e cl with 3 ? 

12. How many signals can be given with 7 different 
flags using only 4 at a time ? 

13. I low many signals can he given with 7 different 
flags when not more than 4 are used at a tune ? 

14. How many signals can be given w ith 7 different 
flags when not le<s than 4 are used at a time ? 

15. Si\ students enter a railway compartment fitted 
with ten seats. In now many ways can the*- be* seated ? 

16. How many permutations of the letter^ of the word 
history will begin with h and end in y ? 

17. In the permutations of the letters <,f the word 

history how many will have s, /, /• (/) always togethei ; 

i/7) never together ? 

18. In how many permutations of the letters of the 

word history the letters, /, o will occupy only the odd 
places ? 

19. In how many of the arrangements of /• books on 
a shelf two particular books will nevvr be together ? 

20 . How many words can be formed out of the letters 
of ttie word question and how many of them will 

(/) begin with c/ ? 

(it) begin with q at d end in n ? 

' Hi) have st always tegether ? 
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(ivl have stt always together ? 

(x>) have sti never together ? 

(vi) have a vowel in the beginning and end ? 

21. In how many ways can 6 students form a ring ? 

22 In how many ways can 9 boys stand in a ring 
so that none will have the same neighbours in any two 
arrangements ? 

23. In how many ways can 6 Americans and 6 
Englishmen sit at a round table so that no two Amercians 
sit together ? 

24. How many arrangements of the letters of the 
word brave taken four at a time will contain b and how 
many will begin with b ? 

25. How many signals can be given with 7 different 
flags when any number of them may be hoisted at a 
time ? 

26. In how many ways can 4 prizes be given away 
to 7 students when a student may get any number of 
prizes ? 

27. There are 4 books on History, Mathematics, and 
Economics each and 3 books on Philosophy and Physics 
each ; in how many ways can these 18 books be arranged 
on a shelf so that books on the same subject are not 
separated ? 

28. In a cycle race 7 competitors are to start. 
Find the number of ways in which they can initially stand 
so that (t) a particular competitor may always have the 
same competitor on his left, Hi) that a particular com¬ 
petitor may always be between the same two competitors. 


Combinations. 

55. Yet another type of problems that often arise will 
be illustrated by the following example : 

Ex. An examination paper contains four questions 
and only three are to be answered ; in how many ways can 
a candidate make his selection ? In how many ways can 
he write the answers ? 
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Notire that here we have nothing to do with the 
arrangements ot the questions or answers. \\> have only 
to consider the different selections that can be made. 

Tf the questions are marked I, II, III, IV, evidently 
the different selection will be (l) I, II. ]\\- ('?) ] IF IV- 
(3) I, III, IV: and (4) II. Ill, IV; ’ ' ’ ’ * 

Thus in 4 wavs can a candidate make his selection of 
3 from 4 questions. 

Again, if in addition to the number of selections we 
ha\ e to consider the number of arrangements in which a 
candidate can write his answeres. we notice that each 
selection gives ris-> to 6 different arrangements ; vi~ 

n > HI ; I, III, II ; II, III, I, 

/ HI, H, I : II, I, III, ; III, I, II ; 

(V !. IV ; I, IV, II ; II, IV, I ; 

IV, II, I ; II, I, IV; IV, I, II ; 

(3) I, III, IV : I, IV, III ; III, IV, I ; 

, . Iv , HI, I ; III, I, IV ; IV, I, III : 

v 4) II, HI. IV ; II, IV, III ; HI, IV, II • 

IV, HI, II ; III, II, IV ; IV, II, III. 

Hence the number of selections of 4 things taken 3 at 
time is 4, whereas the number of arrangements of 4 things 
taken 3 at a time is 24. 

Xole Th« did-rmne. bo..w«,n stiff I ion and arrangement 

should bo «i arrfnh\ nof-d. In finding arrangements we have to consi¬ 
der tbc oid-r in which the things »ro placed ; and in finding the selec¬ 
tionsiwe do not conside- the order hut. we pay attention only to the 
number of things that are contaired in o ch selection. 


56 Definition, Each selection or group which 
can be formed by taking some or all of a number of 

things , is called a combination. 


The synonyms for permutation are arangement imply. 

mg order and those for combination are selection or group. 

I he number of combinations of n things taken r at a 
nme is usually denoted by "C r . 

Nonce that "P r and "C r are mere positive integral 
numbers and cannot, therefore be fractional or negative. 


57 \ f ] n * , the number of combinations 
different things taken r at a time. 


of 


n 


In other words to find the value of ”C r 
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t 

Suppose that x is the required number of combination*:. 

Then ,v = n C r . 

Now each of these combinations contains /* different 
things which among themselves can be arranged in P r ways 


i. e., in !_r ways. 

Thus one combination gives rise to r permutations. 

x combinations will give x x r permutations. 

But the total number of permutations of n things 
taken r at a time is n P r . 

.vxlr = n P r . 

n 


• • 


• • 


_ "Pr __ 

X — ~— - 

r 


n — r 


n 


Hence 


n 


C r = x = 


n — r 


1 = - 


Cor. To find the value of 0 . 

In the above formula, put n — r , then 

n r - _J M _ =r - 1 

\jn_\n-n 1.0 

But n C n denotes the number of combination of n things 
taken all at a time ; and such number is only 1. 

.*. n C n " 1 

1 
0 

.'. 10=1. 

Thus I 0 , though meaningless, stands for unity. 

58- A second proof of the above proposition may 

also be given. r . _ 

Denote the number of combinations of u things take 

r at a time by n C r and suppose the different things are a. 

From the number n C r to find such combinations that 
contain it, we have only to find the number of combinations 
nf«_l letters h c d ... .taken r- 1 at a time 1 hus 

there are — 'C r -i combinations which 
i.e., the letter a is written 11 C r -i tunes in al 
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tions. Similarly everv other letter is written n “ J C . time<; 
in all the combinations. Thu, there bemg „ letters in ah 
the totaJ_number of letters written in all the combinations 

IS /< A ( r - i. 

Again each of the "C r combinations contains r letters- 

so that the total number of letters written in all the combi 
nations is ;■ X n C r l,ul 

Mence /• 

1 

or n r _ ■— 11 v c 

^ r — 1 

]>y a similar reasoning, we have 

.” : C r _ 

: Cr-,= ,,_ - 2 X"- C r - , 


,l C r ~ // x " *c r _i 

"C r — x 

r 


C r _, = " 1 x" 

r — 


11 — 


— ) 


" ■ r + -r- -1LZZ + , 


C., --- • 

"- r+, C, = ;/-, + 1. 

Multiply together the vert.cal columns ami cancel 
ke factors from both sales. Thus we have 

» r ^ " n~ \ (//- 2'...(n -;•+]) 

!)(,-- 2)... 3.2.1 

" — 1 X n ~ 2). . /// —;•+]) 

r 

Xotu-c that the value of "C r <|e,,ve<l here ,s the same 
a, got in the* last article. To.- a 1 


n ~ 1 ){n 




_ r + |) n _ r 

r 


n — r 


n 

r ii — r 


/<■>! niiil.1 fn 

59 


1 Ins proof 

IV. 

Ins 

1)00?) 

I o prove 

/ hat 

the 


O/U things uXenvJt 'atnne ,^i,7^n l jiy : 7/‘ h, ''' UU V' S 
° f "titZ » c ~="C * !L - 

r '-n-r* 
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From n things when we form a group of r things we 
leave out a group of n — r things. It means that for 
every group of u things there corresponds a group ot 
n — r things. Thus the number of groups containing /• 
things each is the same as the number of groups contain¬ 
ing n — r things each. 

Hence n C r = n C n - r . 

Or thus: Since n C r = ~ 

r n — r 



n 

■ • 

n - r r 

Hence "C r = l, C n —r* 

i\ ot<‘. Such combinations arc called camplenientciry 
earn bination a. 

Cor. To find the value of “C.,. 

In the formula "C„- r = y tl — r pul n ~ r - 

Then "Co = ■■ ~ ~ 7S ^' 

n n — a U 

60. To prove that n C r _i + "C r = " +, C r . 

The number n+1 C r , i.c., the number of combinations of 
//. -+~ 1 things taken rat a time, can be divided into two 
parts :— 

(/) Such combinations that contain a particclar 
thing, and 

Hi) Such combinitions that do not contain that 
particular thing. 

Now the number of combinations in the first part 
can be obtained by selecting r 1 thing- from the re¬ 
maining ii things. The number of such combinations is 

n C r -i. 

And the number of combinations in the second part 
can be obtained by selecting r things from the remaining 
n things. The number of such combinations is "C r . 

Hence n C r -i + n C r = n+1 C r . 
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Of thus : From the definition 

"r ... r = " . " 

r 1 r //->*+! r n 


n 


r— 1 (n- r + 1) iii — r 


+ 


I //. 

/r —1 // 


I ;/-r+l 


+ 


r i r 

l 


// 

1 u — r 


ii 


X 


//-FI 


>•(//-r-F 1) 


join- 

1891) 


~ r — 1 n — r 

//4-1 

r // — r+ 1 

— - 11+ Ip 

Ex. 1. How many triangles can be formed bv 
mg the angular points of a decagon ? (P. L\ 

Of 10 angular points of a decagon, any 3 will give a 
triangle. 

The number of triangles = ln Cj= ^ X ^ = 1 20. 

3X2X1 

Ex. 2. I here are n points in a plane, no three of 
which are m the same straight line, with the exception of 
/> points which are all in the same straight line : find the 
number of straight lines which can be formed by joining 
them. 

First consider that ot all the n points no three are 
in the same straight line. Then since any 2 of them 
will give a straight line, the number of straight lines will 
be n C 2 . 

From this we should subtract l ’C 2 which is the num¬ 
ber of straight lines got by joining any 2 of the p points, 
since these p points do not give different straight lines. 

And we should add 1 to the number, since p points 
f$*ive only one straight line. 

Hence the total number of lines 

="c 2 -'c 2 +i=" ( ",r l) -/ ,( / > ~ 1 '+1. 
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Ex. 3. From 8 Indians and 4 Burmese a committee 
of 5 is to be formed ; in bow many ways can this be done 
when the committee contains ( i) exactly 2 Burmese, (ii) at 
least 2 Burmese ? 

1 0 We have to select 3 Indians out of 8, and 2 
Burmese out of 4. The two selections can be made in ; 
and 4 C 2 ways respectively. 

Since each of the first groups can be associated with 
each of the second, the required number of wavs 

= 8 C 3 x 4 C 2 =336. 

yii) The committee may contain 2, 3 or 4 Burmese, 
and therefore respectively 3, 2 or 1 Indian. 

Hence the required number of ways 
= 4 C 2 x a C 3 4- 4 C, X 8 C 2 4- ’C* x 8 Ci 
= 6X56 4-4X28 4-1X8 
= 3364-1124-8 
= 456. 

Ex. 4. At an election, where every voter may vote 
for any number of candidates not greater than the number 
to be voted, there are 6 candidates and three members are 
to be chosen ; in how many ways a man may vote ? 

A man can vote for 1, 2 or 3 candidates out of b. 

Hence the required number of ways 

= 6 C 1 4- 6 C 2 4-°C 3 

= 64-154-20 
= 41. 

Ex. 5. In how many ways can 8 books on History 
and 6 on Economics be put on a shelf so that no two books 
on Economics may be together ? 

Eet the History books, represented by M s, be placed 
on the shelf leaving space on either side of it for a book on 
Economics. 

x H x H x H x H x H x H xilxHx 

Clearly there are (8 4-1) places for 6 books on Econo¬ 
mics. 

Hence the required number of ways= J C*» = 84. 

Ex. 6. Out of 17 consonants and 5 vowels how many 
words can be formed, each consisting of 2 vowels and 3 
consonants. (P. U. 1893) 
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From 5 vowels 2 c m be selected in S C 2 ways ; and 
from 17 consonants 3 can be selected in l 'C 3 ways. 

Thus the total number ot group of 3 letters each 

= x lr C 3 . 

Hut m order to form different words, 3 letters of each 
grout) can be arranged in P.-, wa\s. 

Hence tin* total member of words formed 
-= 5 C,X 17 C:iX 3 p, 

- 10 x 680 x 3 

= 81 o.onn. 


Ex. 7. Find the member of ways in which p + q 
things can be divided into two groups containing /> and q 
things. 

Put />H -<7 = // For every group of p things there corres¬ 
ponds a group of q things left behind. 

the required number of ways — "C P 

_ __ ;/ _ 

p n — p P 


A o/c .—It '■an bo >innl;iri\ si’.nu n that p-\-</-\-i things can b 
dividr 1 into thr***- groups '-nni lining ft.*/ and r things in 

p + q + r 

ways. 

P q r 

Ex. 8 fliven n. find r for which "C r is greatest. 

We know that 


u r % 


Hr 


and that "C r _i 


ni a — 1 ) >i - 2).(// — r 4* 2>(// — r 4- 1 ) 

1. 2. 3. (r — 1 )r. 

//(// — 1 )(// — 2) . (it — r 4- 2) 

1 2.3.(;— 1) 

n — r + 1 
r 


"C r = "Cr-l X 


1 hus we see 
values of "C r -i and 


that the 
n-r+ I 
r 


value of '‘C r depends upon the 


• r , // — r + 1 //-FI , . 

1 he factor ^ or- 1 decreases in value as 


r increases. Thus as r takes the values 1, 2, 3 


in 
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succession, "C r increases in value till n 1 ~*~^is equal to or 
less than 1 . 

n C r is greater than "C r _i 

, n — r + 1 

so long as — — >1 

r 

or // H- 1 > 2 r 
^ // + 1 
or r< 2 

Now (l) if n is even, it + 1 is odd and, therefore, the 
greatest value of r is~- . 

Hence "C r is greatest when r— . 

ml 

And ( 2 ) if tx is odd, n -\-1 is even and, therefore, the 
greatest value of r is • In this case n C r = n C r _i, i.e., 

”C "C i 

c 2 = T ~2 ’ anc * eac ^ greater than any other value of 

"r 


EXERCISE XXIII. 


1. Find the values of °Ca, 15 Cj, 18 Ci 5 , 4 b C 4 7 , 2 r C r . 

2. Solve the following equations :— 

(i) X C 7 = x Co. Hi) 3. X C 4 = 5. X C 2 . 

{Hi) 9 C 3 = 9 C n . (iv) 8 x x C 4 = x+, Co. 

(v) x P e = 360x s C 6 . (v») x P 4 = 30 x x Co. 

3. If n Ci 0 = n C 1 i, find "C -.5 and n C 5 . 

4. Find n and r when "C r _, : "C r : n C r +i = 2 : 3 : 4 . 

5. If r= =, "C 2 , show that r C? = 3 x ,,,+ 1 C 4 . 

6 . Prove that , 0 C 6 = 9 C 0 

7 . If the number of combinations of 2r~h 1 things 
taken 2r — 1 at a time be 78, find the number of permutat¬ 
ions of r things taken r —4 at a time 

8 . F ind the number of triangles formed by joining 
the angular points of a polygon of n sides. 

9. How many diagonals can a polygon of n sides 
have ? 
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10. There are 15 points in a plane, no three of which 
are in the same straight line ; 

(/’) how many siriaght lines can he drawn bet¬ 
ween them ? 

(ii) how many triangles can he formed with 
them ? 

(m) if a fifteen-sided polygon he formed by join¬ 
ing them, how many diagonals with it 
have ? 

11. A new railway line is constructed with 28 stations 
on it. How many different single journey tickets 
should be prepared for it ? 

12. How many different committees of 7 members 
consisting of 4 Hindus and 3 Muslims can be made from 
7 Hindus and 6 Muslims ? 

1 3. In how many ways can a party of 4 be selected to 
play tennis from 9 players (i) when a special player is 
always t > play ; (/’/') when a special player is never to 
play ? 

14 There are 16 players of cricket. In how many 
ways can a team of 1 1 be ch >sea from them (/) when 2 
porticular players are always included, (ii) when 2 parti¬ 
cular plavers are always excluded ? 

15. There are 18 points in a plane, no three of which 
are in the same strai In line, with the exception of 5 points 
which are all in the same straight line. Find by joining 
them (/) how many different straight lines can be formed ; 

( ii) how many different triangles can be formed ? 

16. In how many combinations of n things taken r at 
a time will two given things occur ? 

17. Fro n 10 persons a party of 4 is to be selected. 
In how many of the selections a particular person will 
alwavs be (7) included, (ii) excluded ? (Hi) Hence show 
that ,0 C 4 = 9 C3 + 9 C 4 . 

18. Out of 7 consonants and 6 vowels how many 
words can be formed each consisting of 4 consonants and 2 
vowels ? 

19. From 4 consonants. 4 vowels and 4 capitals how 
many words can be made each consisting of 3 consonants, 

2 vowels and beginning with a capital ? 
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20 . A father takes his 8 children 3 at a time to cinema 
so often as he can form different groups. How often will 
he go and how often will each child go ? 

21. In how many ways can 8 red balls and 6 black 
balls be arranged in a row so that no two black balls may 
be together ? 

22 . In the combinations of 4a things taken .v to¬ 
gether, show that the ratio of the number of combinations 
in which a particular thing occurs to the number of combi¬ 
nations in which it does not occur is 1 : 3. 

23 . In a class 90 students take admission. In how 
many ways can they be divided into two sections of 50 and 
40 students ? 

24 . In how many ways can 21 men be divided into 3 
parties of 7 men each ? 

25 . In how maay ways can 12 persons be seated for 
dinner on three tables when there are 3 seats on the first 
table, 4 on the second and 5 on the third, 
arrangements not to be concerned ? 

61. So far we have considered permutations and 
combinations of things which were all dissimilar. The 
case of things some of which are similar is also worthy 
of consideration. 

By th- words dissimilar, different and unlike we 
mean things apparently distinguishable. For instance, in 
the word similar there being 3 vowels in all, the different 
vowels are only two ; so that the number ot permutations 
got by the different arrangements of the letters will not all 
be different. The interchange ot two i s in any arrange¬ 
ment will not give two different permutations. If, however 
one of the two i's be replaced by some other vowel say a 
the permutation got by the interchange of i and a will be 
quite different. 

62 . To find the number of permutations of n 
thing* taken all together when p of the things arc alike 
and the rest all different . 

Let x be the required number of permutations. 

If the p things be arranged among themselves we shall 
get | p permutations, each of which should be associated 

with x permutations in order to get the total 

-/„• 
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number of permutations of 

4 

together, which number is n. 

lienee we ha ve x * p = > 


things taken all 


/ .t\ x — 


Cor. I he number of permutations of n things taken all 
together wnen p of them are alike of one kind, q of them 
ahl<e of a second kind, r >f them alike of a third kind, and 
so on and the rest all different, is 


J t. <1 r ... 

Ex. I low main different words can be formed with 
all the letters of the word tiissiniilar . 

Ileie out ot the 10 letters 3 are /'s and 2 are s’s. Thus 


the required number of words 


10 —= 302,400. 


63. loji.u/ /he number of permutations ot n things 
token i loget her when each thing may be repented any 
number of times in any arrangement . 

tide we have to fill up r places with a diiferent things 
each of which may be used as often as r times. 

I lie fust place may be tilled up in n ways, 
and when it has been done, the second place may 
again be filled up m a ways, since there is no restriction 
to lepeat the same thing. Therefore the first two place 
can he tilled up in /|X // or n z ways. Next, the third 
place can also he tilled up in a wavs, and therefore the 
first three places can be Tilled up m // 3 ways. 

Proceeding in this manner we shall get the number ot 
ways to till ; places equal to ;/ r . 

Cor 1 lie total number of permutations of n different 
things taken not more than r at a time, when any of the 
a letters may be refeated. 

= n + ,r + n > + . + „r = » (» r -l ) 

P i i n—1 

c<x. In low many ways can 7 oranges be destributed 

imong 3 children when a cnild may get any number ? 
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Fhe first orange can be given away in 3 ways as also 
the second. Thus first two oranges can be given away 
m d ways, and so on. Hence the total number of ways 
= 3 7 = 2187. 

64. To find the number of selections o f n things 
token some or all of them together. 

Here there are two possibilities connected with each 
thing, viz ; it may be taken or rejected. Now either of 
the possibilities of any one thing is to be associated with 
either of the possibilities of any of the others. Thus the 
number of disposing away the n things is 

2 X 2 X 2 x.to n factors — 2 n . 

But this number includes the case in which all the n 
things may be rejected. Hence neglecting this one 
possibility, the required number of selections is 2 n — 1. 

Ex. In how many ways can a child make his selec¬ 
tion from 6 balls when he is at liberty to select anv num¬ 
ber ? 

The child has to select some or all of the 6 balls. 
He can, therefore, do so in 2° — 1=63 wa\s. 

Or thus. The child can select one, two, three. 

halls at a time ; therefore the total number of selections 

= c Ci+ 6 C> + 6 C.i + °C 4 + -Cs + G Cr. 

= 6+15 + 20+15 + 6 + 1=63. 

65. To fi nd the number of selections of p + q 
things taking some or all of them together when p of 
the things are alike of one kind and q arc alike of a 
s econd kind. 

Here the/) things can be disposed of in />+ 1 ways : 

since they may all be rejected or 1,2, 3. p of them may 

be taken. Also the q things can be disposed of in q + 1 
ways. Hence the total number of ways of disposing of 
p + q things is (/>+ 1)(^+ 1 ). 

But this includes the possibility of rejecting all the 
p-fq things. Hence the total number of selections is 
(/)+l)(c/ + 1)— 1. 

C° r * 1 he total number of selections of p~hq + /•... 
things taking some or all of them together when p of 
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them are alike nf one kind, q alike of a second kind, r alike 
of a third kind, and so o;i, is 1 p 4- 1 )(q 4- 1 Kr + 1 )...— 1 . 

Ex. How many numbers can be formed with one 
or all of the digits 2, 2. 2, 3, 3, 4. 4, 4, 4, 3. 

Here three digits are 2 s, two are 3’s, four are 4’s 
and one is 5. Therefore the required number 

= 3 + l)(2+f'(4+lill + l)-l 
= 119. 


EXERCISE XXIV 


1. How m my words can be framed with the letrers 
ot the word (n/iiiurl ' 

2 Kind the number of words framed with the letters 
of the word possibilities. 

3. There are dags of n different colours ; how 
many signals can be given when e ich signal requires r 
dags there being r Hags ot each colour' ? 

4 In how many ways ran 35 copies of a book be 
arranged on 5 shelves I >r 7 books each ? 

5. \ man nas 7 friends : in how many ways can 

he invite one or more ot them to dinner ? 

6 \ letter lock has three tings each marked with 

1 2 different letters ; find how many unsuccessful attempts 
can he made to open it ? 

7. I I >w many arrangements of 4 letters each can 

be made with the letters of the word independence ? 

Tne’e ar<* o different letters ; one letter is repeated 
twice, second thrice, third four times. Required arrange¬ 
ments can be made by taking O’) Ail alike (/'/') 3 alike and 

one different. (Hi) 2 pairs of alike letters, (iv) 2 alike and 

2 unlike, v) all unlike. These give rise to permutations: 



07) 2 Ci x Ci x 


4 

3 




3 Ci x -C, x 


4 

2 



I he sum of these is the 


required number] 

8 There are 4 books on Algebra, 3 on Geometry 
and 5 on Calculus In how many ways can you arrange 
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these books on a shelf with the restriction that books on 
ihe same subject are always together ? 

9. In how many ways can a committee of 4 Hindus, 
3 Muslims and 2 Sikhs be formed from 10 Hindus, 5 
Muslims and 3 Sikhs ? 

10 In how many permutations of the letters of the 
word combined no two vowels will be together ? 

1 1 . Eight papers are set in an examination, two of 
them in Mathematics. In how tnanv different orders can 
the papers be given, provided that the two Mathematics 
papers are not successive ? (P. U. 1928) 

12. How many different words can be formed out of 
the letters of the word Allahabad ? 

13. If you have 5 different pads of paper, 7 different 
pens and 3 different inks ; in how many ways can you begin 
to write ? 

14. For 5 posts applications are received from 10 
B. A s and 7 M. A’s. In how many ways can the selection 
be made when at least one M. A. is to be taken ? 

15. In a question paper there are 6 questions and each 
question has an alternative. Find how many selections of 
one or more questions can be made by a candidate. 

(One question can be selected in 6 C, X 2 ways : two in 
6 C 2 x 2 2 ways ; three in ^CsX 2 3 ways ; and so on ) 

16. Show that the product of r consecutive integers 

is divisible by I r . (P. U. 1910) 

17. A gentleman invites his /// + // friends to dinner 
and places in of them at one round table and th“ remaining 
n at another round table. Show that the number of ways 
in which be can arrange them among themselves is 
\m + ii 

inn 

18. Find the number of ways in which 0 different 
books may be distributed among 4 students when a student 
mav get any number ? 

19. There are 16 clerks in an office, of which 5 are 
junior. In how many ways may 4 of them be called to 
work so as to include at least one; junior ? 

20 . Prove from the first principles that 

"P r z= n * P r -t-1• " ” 1 P r - l* 


fP. U. 1923) 
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21 . How many quadrilaterals of different areas can 
he formed wiih 7 different lines ? 

22 In the first year and second year Mathematics 
classes there are respectively 39 and 43 students. In how 
many ways can they he seated in a row for examination so 
that no two first year students may be together ? 

23. 1 1 >w many different cambinaiions and how many 

different p-rmul itions can b- made witn tne letters of the 
word suspects taken 3 at a time ? 

(Combinations with one s are °C 5 , with two s's 5 Ci 
and with three s s only one. Permutations respectively 

are ’’C 3 . ? C, - and 1.) 

o 


24. From a paper of 8 questions ho v many selections 
of one or more questions can he made ? 

25 The date-sheet of an examination of 7 papers has 
leaked out ; in how manv wavs can it he charged ? 

26. A company of hO men is to he selected from a 
regiment of 1,000 ; find the number of ways in which it can 
he done so that the same 10 men may he always included ? 

27. \ first year student h is to take up 4 out of the 8 
subjects. lmglish being compulsory he is hound to take up 
onlv one of the three subjects Biology, Mathematics and 
Persian. In how main wavs can he make his selection ? 

28 ilow manv selections can he made from 12 plan¬ 
tains, 6 oranges and 3 apples taking at least one of each 
kind of fruit ? 


29. Show that tne number of premutations of n things 
taken m together m which /> particular things always 


11 — | * 1 > v' 11 T > 

occur 1 ^ 1 m-pX ] 


l 1 1 p- 

30 In how mrnv ways can l'> apples he distributed 
among 4 children so that no child shall receive less than 3 
apples ? 

(The distribution can he effected thus : (/) 4, 4, 4, 4 ; 
(u) 3. 4, 4, 5 : (///) 3, 3, 4, b ; iiv) 3, 3. 5, 5 ; (v) 3, 3, 3, 7 ; 
Now i i) gives only one way, (ii) *0i x ‘Ci ways (m) 4 C 2 X 
“Ci wavs : (ix'YC* ways ; (r) l C] ways.) 

31 In how many ways can a cricket eleven he select¬ 
ed from 25 players, b of them being always included and 5 
always excluded ? 
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32 . Prove that in 2n C„ the number of combinations in 
which a particular thing occurs is equal to the number in 
which it does not occur. 

33 . Out of 2n men who have to sit down halt on each 
side of a table, p particular men desire to sit on one side 
and q on the other ; find the number of ways in which this 
can be done. 

(On one side n—p men from 2n—p — q ; remaining on 
the other. Then the arrangements on each side are n ). 

34. Show that the greatest number of combinations 
that can be formed with 2u things, each containing the 
same number is always double the greatest number that 
can be formed with 2n — 1 things. 

35 . If in the town there be four boy schools and three 
girl schools, find in how many ways a man can send his two 
sons and three daughters t ) school ? 

[First boy school may be utilised in 2 ways; first two i 
2“ ways : and so on. Boy schools give the number 2\ 
Similarly the girl schools give 3\ Hence trie required 
number is 2 l x 3 3 ]. 

36. In how many ways can a cricket eleven be 
chosen from 13 members of whom 4 can bowl, so as to 
include at least 2 bowlers ? 

37. The number of combinations of // things taken 5 
together in which 3 particular things occur is 21 ; find 
the number of combinations of them taken 6 together in 
which 4 given things occur. 

38. In how many wa> s can an examiner assign a 

total of 30 marks to 8 questions without giving less than 
2 marks to any question ? 

[Proceed as in question 30j. 

39. In how many ways can the 4 suits of playing 

cards be dealt to 4 players, thirteen to each, so that every 
one may have a card of each number ? 

40. Show that the number of combinations of 

p-*r q-\-r things taken some or all of them together, with 

the restriction that p of them are alike of one Kind, q of 
them alike of a second kind and the rest all different, is 
(/>+!)(<?+ l)2 r — 1. 
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CHAPTER X 

Binomial Theorem 

Positive Integral Index. 


66 Defi nitions. An algebraical expressi >n of two 
terms is called a binomial. 


x + a, 5x : + v, 3 a- - by~, 

are all binomials. 

The formula 

(.r + a) n =x" T"Ci v”' l n + "C : x u ~ 2 a 
where n is a positive integer, is k 


alp ~ bmq 


2 l i nr' n 1 i_ n 

-r ... -r C„— \ \a > a » 
nown bv the name of 


Binomial Theorem. 

By the help of the Binomial Theorem we can easily 
find the continued product of a binomial by itself any 
number of times or we can find the root of a binomial. 

67 To prove the Binomial Theorem when n is a 

positive integer. 

By actual multiplication 

(x 4 m)(nr 4 - a>) = x 2 + (a\ 4- (i 2 )x 4- a\a 2 : 

(x 4- <m)(* + T a : >) — x y -\-(a\+a 2 + ay)x~ 

4- {a 2 a \ + a an -haur 2 )x 4* a ia 2 a 2 « 


(x 4 ai)(x + a 2 )' x 4 a --,) x 4 a . 1 ) 

-= x* 4" (a 1 + a, 4 a *4 d\)x ’ 2 

4- ( a\a 2 4- a\a\ 4- a 1 a. 4- a 2 rf 3 4- a 2 <U 4- (tyi x )x 
4- (a\a 2 a\-\- a\a rr, + n\n r- 4- a 2 aya.dx 


4” a \ii 2 a a 

In earn of these results we observe that : 

(i) The number of terms in each of the products 
is one more than the number of binomial factors multiplied 
together. 

( 1 /) The power of .v in the first term is the same as 
the number of binomial factors ; and the power of x dec¬ 
reases by unity in all the succeeding tern s. 

(///’ The co-efficient of the first term is unity ; that 
rf the second term is the sum of all the s-cond terms of 
the binomial factors ; that of the third term is the sum 
of all the products of these second terms taken two at a 
time: that of the fourth term i< the sum of all the pro¬ 
ducts of these second terms takmi three at a time ; and so 
on ; the last term is the product of all these second terms. 
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Proceeding in the light of above observations, we infer 
that the product of n factors 

(*4-<7i)(.r 4-<7 2 l(.r 4-<i3).(,r4-</ n ) 

= x" + Si x n ~ 1 4- S 2 .r n “ ~4-.., + S r x 11 “ r 4-. .. 4- S n .(1) 

where Si = the sum of all the second terms ni, a 2 . ..a n of 

n factors. 

S 2 —the sum of all the products of tbe second terms 
<71, <7 2 . ..,« n taken two at a time. 

S r = the sum of all the products of the second terms 
<7i, <7 2 ,...<7 n taken r at a time 


S n =ihe product of all the second terms, <7i, cr 2 > 
Now evidently 

the number of terms in Si = n Ci 

e — 

n •> n ii ii w 2 ^2 


11 


ii 


11 


S ="C 

ii ^ r 


If we put </i — <7 2 — a 3 =... — «„ = <7, then 

{x a\){x a 2 )(x + af)...(x + a lx ) = (x + a) n ; 


S 2 = n C 2 X 


„2 . 


<7 


and Si= ,l Ci X a ; 

S 3 = n C 3 Xa j ; . 

. . . . : S r = n C r x <7 r ; 

S —r," 

• •••9 % * 11 * *' • 

Hence substituting all these values in (1; we get 

{x + a) n =x u + n Cix n - 1 a + n C 2 x u - 2 n z +... + u C r x"- r a r +... 

which is the Binomial Theorem. 

Note. This may also bo wriit. n as 

/ i in n i n — l i ll(II l) n —2 2 

(x-ra) —x -rtix «<4* x a 


4 - a", 


4- 


n(ii — 1 )(// — 2 ) „ — 3 „3 


X 


a J 4-... 4- <7 ". 


68. A second proof by Mathernetical Induction. 
Multiply both sides of 

(x + a) n = x n + n Cix u - l a + n C 2 x u - 2 a 2 + ...+ n C r x n - r a r + ...+a u 
by a: 4"<7. Then 

U + a ) n+l = x” +1 + (1 + "C ,)x n a + < n C , + n C ,).r n “ : V +. 

+ ( n C r _i+"C r ).r n_r+ V + ... + „"+>. 
But since 1 +"C, = 1 + „ = n+1 C, ; 
n C, + “C 2 = n+ 1 C 2 ; 
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"C r _ ] 4-"C r = n+ ’ ! C r , and soon. 

(x + a)"+'=x ni ’ l +"- t ‘ l Cix n .i + nfl C,v n 'V +. 

+ llti C r .r l, - H - l rr r + ...+« n+1 . 

Thus we see that if the formula is true for //, then 
it is also true for //4- 1. 

Hut we know that by actual multiplication, 

'.v + <r 2 = x~ + 2xd 4- a~ 

= x 2 + ~C\xa 4- </“ : 

(x + 4- 3 v"./ 4" 3.x <7“ 4- a 

= .v + 3 Cix z a+/C 2 x<r + <i z ; 
and (.v 4~ a) x = .v‘ 4- 4.vYr 4- b.v<*“ 4- 4.v<r 4-r? 1 

= a*’ 4~ 1 C | x’(i 4- 'Cb.v"<r 4- 4 C 3xa J 4- a*. 

It means that the formula is true for n = 2, 3 or 4 ; 
and therefore it must be true for n = 5, and therefore for 
;/ = 6, and so on. 

Hence it is true for all positive i ntegral values of n. 

Note. Observe the followin ’ facts about the Binomial I'heorem : 

(i) The number of terms in the expansion is one more than the 

m 

power of the binomial. 

(ii) Tho power of ./• go’s on decreasing by unity and the power 
of a goes on increasir g by unity, the sum cf the power of ./• and <l 
being always the same and cqu »1 to tin* p wer of the binomial. 

(#//) The coefficient of any term is the number of combination 
formed from things equal to the power of the binomial, the things taken 
being equal to the number of previous terms or to tin power of a in 
that term. 

Cor. 1. Interchanging .v and a the Binomial 4 heo- 
rem mav he written as 

(a 4- x)" = u" 4- "Cm" “ ‘.v 4- "C : T’ “V 4-.4- n C r T' V 

4-.4- .v" 

1 lei e put a — 1. Then 

(1 +.v)"=l+"Ci.v+ n C,.r +.+ "C r .v r +. +x" ..(A) 

1'his form of the Binomial Theorm is very convenient. 
Kvery binomial can be put in this form and expanded. 


For (rr4-.v» n 


1 4 


1 4-"C 


4- "C - 4- 

(i “ cr~ 


+ "C r 


■ v " ) 

n f 

< / 










141 


Cor 2. In (A) change x into — x. Then 

(1 - .r ) n = 1 + n C i ( - x) + n C 2 ( - x) 2 +.+ "C r ( - *) r + 

j ^ 

= 1 - n Cl.V + n C 2 .V 2 +.+ ( - 1 ) V "C r * r +. 

+ (-D n .r n . 

Thus in the expansion of (l — ,v) n the terms are alterna¬ 
tely positive and negative, the last terms being positive if 
n is even and nagative if n is odd. 

Cor. 3. The Binomial Theorem is an identity and 
hence true for all values of x. 

69. The (r + l)th term in the expansion is called the 
general term of the Binomial Theorm ; for by giving suit¬ 
able value to r, any term of the expansion can be found. 

Evidently in the expansion of (x + a)" 

T r+ i = n C r * n “V ; 

and in the expansion of (l+.r)" 

T r+ i = "C r * r . ^ 

*>£x. 1. Expand «3.v + 2 b) 7 :'' 
f (3.r ■+■ 26) 7 = ^3.v) 7 4- 7 Ci(3.v) 6 (2/>) -f 7 C 2 (3.r ) 5 (26) 2 4- 

7 C/3.v)*(26) 3 + 7 C 4 (3.vJ 3 ( 25) 4 + 7 C<(3.r)“( 26)' 4- 

7 C 6 (3*)(2&) 6 + (26) 7 . 


= 21 87at 7 + 7.729.2at 6 6 4- 


7.6 

2 


243.4.v 5 6 2 -f - 7 -*| 3 5 . 81.8*V + 


7.6.5.4 

2.3.4 


. 27.16.vV + 


7.6.5 4J 
2.3.4.5 ' 


9.3 2**6 5 + 


. 3.64a'6 6 +1285 7 

2.3.4 5.6. 

= 2187at 7 + 10206* 6 & + 20+1 2.vV + 22680* V 
+ 15120* V + 6048.V 2 *- + 1344 xb < ‘ + 1 26b 7 . 


Ex. 2. Find the 8th term in the expansion 
(2x-3y) u . 

T. = 13 C 7 (2*) U ~ 7 ( - 3y) 7 = 13 C 6 (2^) 6 ( - 3y) 7 


13.12.41.10.9.8 
1.2.3.4.5.6 

17 1 6.2 6 .3 7 .vV = 


• 2°.3 W 

■■ -240185088.vV. 
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Ex. 3. Fmd 7) the middle term and (it) the term 

independent of x m ( ',) ■ 

(t; The number of terms in the expansion bring 13, 
the middle term is the 7th. Thus 


- "C#..v 


i) 


= 12.1 1.10.9.8.7 0 1 

1.2.3.4.5 6 X x'~ 

= - 924 \ ' 

X 

(it) Suppose that (r+l)th term does not contain x. 
Then since 

T r + , = “C^-'(- !, V 


) 


= ,2 C r (- 1 ) T x 12 “ 5r , 

we must have 12 —3r=0, /. c., r—4. 

J hus the 5th term is independent of .v. And 


T = 1J C/ — 1/ = ' 12 ■ —495. 

4 8 

Ex. 4. \\ hat is the coefficient of \ in the expansion 


of ) ? 


Suppose that s occurs in the (r-fl)th term. Then 


since 


T r + l = 


= 9 c r („ J -) ! - r ( y= j c r «-y-- 


we must have 9—3 r = — 3, t. e , r = 4. 
J hus the 5th term has \ . And 


Vnd then the required co* 


etficient — 9 C. t <i 9 4 — 


/ 4 


ci' -- 1 ^fl 3 . 
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Ex. 5. If the four consecutive terms of a binomial 
expansion be 4. /, 7 and 4-J, find the expansion. 

Let the binomial be M 4-.v) and let the terms be rth 

(r+l)th, (r4*2)th, (r+3)th. 

Then n C r -i„r r 1== 4, ,, C r .v r =7, n C r + iA* r+1 = 7 and 
n C r+2 AT r+/ = 4^ 

n r ^ r ’^r—i = 1, i c., 4(« — r-f l).r— 7r.U) 

v-' r — l.v 

Also ^np 1A .r = 1, c , in — r)x--= r-f 1. (ii) 

and Cr+ 2 ^_ _ ^ 8(« — r — 1 )* = 5(r -f 2) „ 

Cr-fi-V T o 

.(f«j 

Solving (i), (ii), and (m) simultaneously, we get 
r — 2, *=* and n = S. 

Therefore the binomial is (1 +£) b . 

EXERCISE XXV 

1. Expand the following binomials :— 

( i ) (x+2tif. (ii) (1— x)'. 

(,,o (,+1 y . <m (f+iy. 

m (i— 3x 2 ) 6 . m (y + 2 >y . 

(vii) (a~—b~Y. (i'iii) ^3 a 4- ^^ • 

(lx) (f ~ i) • 

2. Find the value of :— 

(i) (1+ V 2) 5 ~h (1 - V 2) 5 . 

(«) ( V3 -f a:) 7 — ( V3 — xf. 

(Hi) (x— Vx~ - rt“) 5 -K*-f Vx~ — a 2 ) J . 
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( 


3. What is the 5th term 


n 


the expansion of 


I + 3 0 


10 


Find the 9th term of f 1 — 




u 


5. Write down the 20th term of ( ?*4 ^ | 

VV 10 p ) 


6 . Find the term independent of a in 


(: + 0“ • 


7. What is the middle term of l2>y — \x) li ? 


y \ ^ 

hind the two middle terms of fl '~h 

^ 2 a 


r 

( 1 \ 

2x — -,1 ? 

3 V 


( 


10 . 

11 . 


h ind the coefficient of .v ' in (a* — bx*) 10 . 

Find the coefficients of x~ iy) and 

8 


Q 

x in 


) 


12 . Is there any absolute term 


in 


( - o- 


If 


so, find it. 

13. Show that the coefficient of (£+l)th term in 
(1 -t-xl"* 1 is the same as the sum of the coefficients of />th 
and (/> +- l)th terms in (1 4 -a)". 

14. Show that the coefficient of x" m {\ + x) 2 " is 
double that of .v :i in (1 -+■ .v) : " ~ '. 

15. Show that the coefficients of x J ~ and *, 7 in the 

/ i 1 \ 13 X 

expansion of f x — ^ J are equal in magnitude but 
opposite m sign. 

16. Find // if the coefficients of 2nd, 3rd and 4th 

terms ot are in A. P. 
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17. Show that the middle term in the expansion 

Of (1 + *) 2n is - “ 1) 9 n „ 

• — • 


v.y.-; 


n 

18. If the term containing .r occurs in the expansion 
( v+ y) ’ ^ow that its coefficient is 

/- * - 

■vl -' ' _ I //_ 

; — r) I }.(n -f ;•) 

19. Of which expansion are 14, 84, 280 and 560 four 
consecutive terms ? 

20. If three consecutive coefficients of (l+*) n are 
6, 1 5 and 20 ; find //. 

/ TP ^he £ reatest coefficient in the expansion of 

I he coefficient of the 0*4" l)rh term in the expansion 
1 -hx) is C r . We have to find the value of r for 
which n C r is greatest. 

Now we know (Art. 49, Ex. 8) that if n be even n C r 
is greatest when r= ” , and that if n be odd n C r is 

greatest when r =,< —- or U * . 

— 4 

Hence when n is even, the greatest coefficient in n C„ 

• » 

and when n is odd it is "C„_i or n C„ + i, both of them 

2 ii 

being equal. 

71. The greatest term in the expansion of 

ln + .r) n . 

Let T r and T r + i be the rth and (r4-l)th terms res¬ 
pectively. 

T r+ i = n C \a" 

ii/^ 

i r4-1 _ C r •_ X 

T r n C r _, a 

— 1l ~ r + 1 * _/« +1 _ ^ 

r a \ r J a 


Then T r = n C r _ia l • x 

and Tr j-1 = n C.rt n ~V 
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Thus we see that T r -f\>, —, or < T r 


accordi 


ng as (''t 1 -') * 


= , or < 1, 


i.e.y according as . 


t.e., according as 


i.e. 9 according as 


i/4-l 

r 

;i + l 
. r 

ii+ 1 

" +1 

.T 


- 1 > , = , or 


>, = , or 


a 

x 

a 

x 


+ 1 


>. = , or < r 


t.e according a^ 


r< , = , or 


w+l 

a 


4-1 


.v 


Now two cases may arise ; firstly + ^ may be a 

a 4-1 

x 


whole number, secondly it may be fractional. 


1 / 


If 


f ' ^ is an integer, let it be p. Then for 


a 

x 


4-1 


all values of r from 1 to p— 1, the value of 


is greater than unity and T r +i>T r . It means that the 

• H r = p, then 1 “ 1^ a =I * 


terms go on increasing 


Then T r =T r + 1 , i. e., T p = T P+ i, These two are 
greatest terms. 


the 


(ii) If ^ is fractional, let its two parts be Q 


a 

x 


4- 1 


and s, where q is an integer and s a proper fraction. T e 
r<^4s : therefore the greatst integral value of r > s 0* 
Hence T u +i is the greatest term. 
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Ex. What is the greatest term of (3-5.r) M when * = 

\\ e have numerically — 1r "*' , = ^ 1 5x 

Tr r * 3 

= 12^r 5 1 12 — r 

r *3 5 3r * 

Hence T r + r >, = ,or < T r according as~—->, =, or < 1, 

*• *•» according as 12 — r >, = , or Z3r, 

*• e, according as r<, = , or >3. 

It means that if r = l or 2, T r + f is greater than T r ; 

when r — 3, then T r = T r+ , ; and when r = 4, 5.then 

J r-f-r is less than T r . 

Hence the 3rd and 4h terms are numerically equal 
and greater than any other term. 

The value of the greatest term = n C 2 3 9 (5.v) 2 


11 X IQ 

2 



55 X 3 9 . 


72. Properties of the Binomial Co-efficients. 

The successive co-efficients of various terms in the 
expansion of (l4-*) n or (a + x) n are 



n(n — 1 )(n — 2) 


n 




or n C 0 , n C lt n C 2 . n C n _i, n C n . 

These are called the Binomial co-efficients. We 
shall now establish the three important properties of these 
co-efficients. 

I. The co-efficients cf terms equidistant from the 
beginning and the end are equal. 

Let us consider the co-efficients of the (r+l)th 
term from the beginning and the (r4-l)th term from the 
end. 


The co-efficient of the (r-fl)th term from the beg- 
ginning is n C r . 

The total number of terms in the expansion being 
n 4- 1, the (r-f 1)th term from the end has (« +1) — (r-+-1) 
or n — r terms before it, i.e. t the (r+l)th term from the end 
is the (« —r + l)th term from the beginning, and therefore 
its co-efficient is n C n - r 
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But we know that n C r — M C n - r . 

Hence the co-efhcienrs of the (r+l)th terms from 
the begining and end are equal. 

II. The sum of the Binomial Co-efficients is 2". 

In the Binomial Theorem 

(1 + .v) n = "Co+ n C,.v + “C 2 -r 2 4-.4- n C„- r .v" ~ 1 4- n C n v n ., 

put ,r = 1. T hen 

2" = n C () 4- n C, 4- "Cj 4-.4- n C„ -, 4- n C„ = the required 

sum. 

Ill. The sum of the co efficients of even ter,ns is 
equal to the sum of the co efficients of odd terms. 

In the Binomial 'Theorem 

(1 4- a-)" = n C\, 4- "Ci.v 4- “C ,v“ 4- "C:i.v 3 4- n C 4 .r 4 4- "C 5 .r 4-... 

4- "C r v‘.4-"C n .r n 

put x= ~ 1 • Then .4- n C r .v r 

0 = "C o - n C. 4 "C 2 - "Cs 4- n C, - "C, 4-.4- ( - 1 ) rn C r 

4-.4- ( — 1 ) n 

"C, 4- n Cr$ 4- "C 5 4-.= "Co 4- n Cj4- "C 4 4-... 

Xote. The Kiuoinial 0-efticie*»t8 are often onefly written 
as C„, Ci, Cj,.C„. 

Ex. 1. Bind the value of 


C..+ c ; + C r + 

/ ^ 


4- 


Cn 
n 4- 1 


W e have C 0 + 


Ci , C 2 
2 3 


4- 


Cn 
// 4- 1 


_i.i _i_i ,,(,t ~ 1 ) 4 . 4- 1 

-1 4-3.114-,. 2 4-.4- ;< + 1 


n 

n 


n 4- 1 
1 

n 4- 1 


1 i _l_ ( /f 4- l)u , (n 4- 1 )ti(n — 1/ . . n ) 

i ,/ + 1+ 2 + 3. 2 ,r \ 



1+(#14-1)4- 


(u 4-1 )u . (n 4- 1 '//(n — 1) 


4- 


4- 


3 

#i+l 
//+ 1 


+ .. 


- 1 


n 


1 

+ 1 


[ 


n-H 

n + i) -1 















1 49 


»-H 

= ?_“I 

> i 41 

Ex. 2. Find the sum of the squares of the Binomial 

Co-efficients. 

We have 

(1 4.v)" = C 0 + Ci.v 4- CW 4.C n .v n . (1) 

Also the same may he written as 

(i + ,v)“ = C n .r n 4- C n _i* M 4-... 4- Cut 4- C y 

= CoV + Ci.v"+ C 2 v" - 2 +... + c„ - ,* + c.(2) 

since the co-efficients from the beginning and the end are 
equal. 

Multiply (l) and (2) together. 

. (1+ x) zn = (Cu J 4- Cf 4- C 2 L 4-... 4- C,rV 4- (C 0 C 1 4- CiC 2 

# 4C 2 C;i4...).P'+ 1 

4 (C 0 C 2 4 CiC 3 4- C 2 C 4 4-. )x" +2 + . 

In this identity we see that the required sum is the 
co-efficient of x", and therefore it must be equal to the co¬ 
efficient of*" in the expansion of (1 4“ at) 2 ", which is 2 "C„. 

Hence Co 2 + Cr+ C 2 2 +.+ C„ 2 = — 

11 /ivy* 

( n ) 

Ex 3. Prove that if n he any positive integer, the 
integral part of (24- V 3)" is an odd number. 

The intergal part of 2 4 v 3 is seen to he 3, an odd 

number. Now we have to find the inteorel narf 

of (2 4 \/3) n . 

Let the integral part of (2 4 v'3f n he I and the deci¬ 
mal part F, so that 

I 4 F = (2 4 V 3) n = 2 n 4 n C, 2 n -V3 

4 n C 2 2 n ~ 2 ( V3 ) 2 4.(!) 

Now (2— V3) n is positive, since 2— P3 is positive 

•*• G = (2 — \/3) n = 2 n -"C 1 2 n - 1 v/3 4 n C 2 2 n " 2 ( V3) 2 . (2) 

where G denotes (2 — V 3) n 
Adding (1) and (2) , we get 

I 4 F 4 G = 2(2 n 4 n C 2 2 n " 2 .3 4 n C 4 2 D ~ \3 2 4.), 

= an even integer.(3) 

F4G = an even integer— I =an integer. 

Since F and G are each of them less than unity, and 
E 4 G is less than 2, and F 4 G is an integer, therefore, 

F 4 G= 1. 












150 


Now from(3) I+F + G = I + 1= an even integer. 
I is an odd integer. 

Exercise XXVI. 


1. Find which term is greatest in the expansion of 
(i) (1 -Kr) s when .v = ^. (if) (2 + 3-v) 1 " when x = %. 

( Hi ) (2*-F5;y) 3t when a* = 3, y = 2. 

(tv) ( 4 a — %b) n when ;/=19, a — 8, b = 3. 

2. Find the greatest term in 
(t) U + x)' J when x= 

( a) (-Jfii — when m — 9, n — 4. 

(f't'i) (p + 3q) n when p=2, q = h u = \\. 

3. The coefficients of (r4-l)th and (r+3)th terms in 
the expansion of (1 +x) Zn are equal; find u. 

4. What are the rth term from the beginning, and 
the rth term from the end and the middle term of 



5. 

Find 

the value of 



(i) 

12 Ci + '-C 2 + 12 C, + .. 

. 4“ 

l2 r 

Ks 12- 

(ii) 

ly c, 

+ 19 c 2 + 19 c 3 +.. 

. 4" 

19/'-* 

L, I 9 . 

(ui) 

“Cl 

+- 2 c 2 + 2 -c 3 +. 

. . 4" 

2 “C 2 i. 

6. 

Find 

the value of :— 

— 



(«) 

(ii) 

(iii) 
(tv) 

M 

M 


('i + 2C2+3Cs + ..."F^C n . 

C 0 "F 2Ci 4- 3C 2 4-... 4- (n -F 1 )C n . 

C 0 Cl + C 1 C 2 + C 2 C 3 +... “FCn-lCn* 
C 0 C 2 4- CiC 3 -f c 2 c 4 + ... + C n _ 2 Cn- 

CoC 3 + C 1 C 4 + C 2 C 5 -F ... 4* Cn_3C n . 
C 0 C r 4-CiC r -fi4- C 2 C r -4- 2 4-... 4- C n _ r C n * 


(vit) 

7. 

8 . 

9. 

10 . 


2C 


2 + 3 5 3 +....+ 


* *Cn 

C n -1 


Cl 4- 

C 0 C, ’ C, 

Expand (1 4- 2x — x 2 ) 4 . 

Expand (1 +x + x 2 ) 5 . 

Find the coefficient of x 5 in (1 4- x 4- x 2 ~b x 3 ) n . 

If A and B are respectively the sums of the 
odd and even terms in the expansion of (x~ha) n , then show 
that 


A z -B 2 = (x 2 - a 2 ) 


2\n 


(*■) 

and (it) 4AB = (x + tz) 2n — (x — a) 2 ". 

1 1. Prove that if n be any positive integer, the 
integral part of (3H- V5; n is an odd number. 
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CHAPTER XI 

Binomial Theorem. 

Any Index. 


73. In the last chapter it was proved that when n 
is a positive integer, 

(i+4 n =i+" Cw + , V+...+/ 

n(n — 1) 2 


— 1 + nx-h 


2 


x 2 -h ... -hx n . 


there being n 4-1 terms on the right-hand side. 

Now if n be a fraction or a negative number, none of 

the quantities n, can be an 


integer, so that n Ci, n C 2 , n C 3t ...always representing some 

positive integers, are meaningless in this case. Thus we 
shall state 

The Binomial Theorem when n is any negative 
number , integral or fractional : 

3 + _ t0 


f l^l~y) v 2^_n(n— \)(t t — 2 ) 3 


(l 4-*)"= 1 +nx + 

|2_ JJ 

infinity, provided that the numerical value of a: is less than 
unity. 


The series on the right-hand side of this statement 
extends to infinity because the quantity n +1 , giving us 
the total number of terms in the expansion can never be 
a positive integer ; and as long as »4l is not a positive 
integer, the number of terms, cannot be finite. 

For, in order that the number of terms be finite, i.e., 
the series may stop at some stage, n — r+1 must vanish, 
e ‘* r >*4-1. Now, r is always a positive integer. 
Therefore «-fl or n must always be a positive integer if 
the series is to stop. HenCe, the expansion must extend 
to infinity then n is not a positive integer. 

The important point to be noted in this case, is the 
condition , that x should be less than unity. This is so 
in order that the series on the right hand side may be 
convergent. For, if it is not so, absurd results follow. 
For example by the above statement 
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(l-x) 


1+(-2)(-a:) + ( - ( 2 2 1} (-*)- + 

1 + 2.v + 3x 2 + 4 a' 3 4-. 


If we put x=2 on both sides, we get 




which is absurd. It should be noted that for the numeri¬ 
cal values of x > 1, the series becomes divergent. 

A oft* /. By this theorem can be expanded the binomial 
(</-}-./• >'*. n being a fraction or a negative number, even when a or x 
is not less than unit'. For a and x being unequal 

(n-\-X) lx =a 11 ^1 -f- ^ or x" ^ 1 -f- ^ according as a is 

greater or less than x. 

A (tie 2. 1 he '/-bluh, ». e., the general terra here is 

//(;/- l)...(/!-r+ 1) r n ~ r 

. x and not C r .v . 


74. To find the general term in the expansions of 
(i) (l+-v)-" (ti) (l-x)-“. 


(i) 


r , ,= “«(-«-l)(-//-2)../-/*-r-f 1) r 
lr + l _ r x 

— t _ , ,r tlin + l)(/J+2j...(;/ + r-l) r 
' 1 ' .v 


in) Putting x for x in the I r 4 -i of <t), we have 
T r + 1 = (- l) r ''(«+ I)(« + 2l...(>i + r- 1) 


r 


= ( _ j )2r '*('* + 1 )(/* -f- 2 )...(// + ^ 

_«(/£+ 1K//4- -hr— 1) r 

* • 

Ex. Write down the general term in the expansions 
of (t) (1 +x) ~ ‘ J and (iV) (1— x)~^. 

(«) T r + l = (-l) r ^^(r±il ^ 
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(it) 


r _ 1.3.5 ...(r — 1 ) r 

1 r+i — -V 

2 r 


*\ C:lse <') ri2., (l+./*> "above, the terms in the 

cxpanson are^ ahornatoLv positive and negative; and i n case (/7) 
U J) , al1 the torms be positive, if .r and „ are positive. 

Ex. 1. Expand 1 4 and find the general term. 

(3 +2x z . 5 


1 


1 


(3 + 2.v 2 ; 


4 

3 5 


(■♦vy 


a - i) 


yy 8i 


+ 


(-i)(-i-v/2x -\- 

_ 2 l 3 j 


+ 


) 


1 




) 


J r-f 1 — 


V M V 15 '25 

i (-. 4 )(-j-_iK-j-2)...(-5- r+ ]) /. 

V81 


2.r~ 
3 


)' 


= (-]/ . 


1 t ■**’ 1 1 1 i O 

— 1 l r .*> / 2 


4 

3 5 


r * 


2 r 


^ _ j jr 4.9.11. (5r— 1) 


r / 


2 r 

“ 4 * 

3 r + 5 


2 r 


Ex 

of 


2. Expand to 5 terms and find the general 


ar* . 


= («*-**)* = «( 1 - *!-)* 


term 
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The general terms 

h(i-D(i -2)...(-}-r+ 1)/ x 2 \ r 

r V <*) 

r -1 1 1 3 5 2r-3 

2 * 2 * 2 * 2. 2 . . v 2r 

----—(— l) r x - 

r \ iJ 2r 


= a 


- «<-1) 


— a 


1.3 5.(2r-3) 


(:) 


2 r - r 

Question : What will be the expansion if x>a ? 

Ex. 3. l'ind the first negative term in the expansion 
of (1 + 2*)* 

Suppose that I r +i is the first negative term, so that 
T r is positive. But T r +i = ———1)...(® —r+1) 


r 


(2x7 


and 


Tr = Ja-a. i (^ (2 ^-i 


T r +i 

T r 


9 

•J 


r+ 1 


. 2x. 


o _ I | 

Now T r +i is negative if — - ,2.x is negative, i. &• 

if 5 r 4" 1 is negative, i. e. if r> 5 J. 

Hence when r = 6 we get the first negative 'term. 
Hence the 7th term is the first negative term. 
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To find its 


value 


;* t 9 

T-= 13 11 

7 


u./s-6+n 

6 



9.7 5.3.1 3 
2 “ 16 

315 6 
80 * 



Ex. 4. The following expansions may easily be esta¬ 
blished. 

(1+*)-*= 1-* + **-.+ (-DV +. 

(l+*)“ 2 =l-2* + 3**-.+ ( - l) r (r+ l)x r + . 

(1 -f- at) — 3 = 1 — 3x + 6x 2 —.+(-l) r (r+l) ^ + 2 V 

•4". 

(l-r)-'=l+* + * 2 +.+ * r +. 

a-*)- 2 =l + 2.r + 3* 2 +.+ (r+l)Ar r +. 

( 1 _ je )-»= 1+ 3* + 6* 2 +. + [r_+ D(r + 2) ^ r+ . 

These expansions are frequently used. The student 
would do well to commit them to memory. 


Ex. 5. Find the coefficient of x in the expansion 




= ( 1 -*) 2 ( 1+*)- 2 


= (1 -2* + * 2 ){l -2*-F3* 2 -. 

+ ( — l) r (r+ \ )x r +.... 

the coefficient of x r 

= (-l) r (r + l)-2(-l) r -V + (-l) r - 2 (r-l) 
= ( — l) r {r + 1 — 2( — l)“ V + ( — l)“ 2 (r— l)> 

= (-l) r {r+l+2r+r-l> 

= (-l) r .4r. 


> 



Ex. 6. Find the greatest term in the expansion of 
(5—4#)“ 7 . when x = \. 

Since (5 — 4#) “ 7 = — 7 — 


















] 3?' 


we have T 2. + l = 7 r+ , numerically 


T r 


r 


1 

• > 


1 I ence 
according as 


> , — , or < ] 


= 7 + r —] 4 

r ' 5 

_ 2(64- r; 

_ # 

5>* 

1 r4 I > . = , or < T r 
2(6 -hr) 

3r 

i. e. according as 1 2 4- 2r > , = , or <. by 
i. c. according as 1 2 > , = , or < 3r 
i. c, according as r<, = , or > 4. 

I hus for all values of r, upto 3, T r + i is greater than 

c en l * len 1 r-f-1 = I r and for greater values 

of r, 1 r 4-1 is less than T r 

Hence 4th and 5th terms are the greatest. 

To find the value of the greatest term, we see that 

Tj + iS= (“7)(-7-1)(-7-2)(-7-3) 

4 


T r 


(-i-y 


1 


= 7.8.9.10 4* 

2,T4. 3 4 * > 

672 
125 * 

Ex. 7. I* rom what term will the terms of (1— arphave 
the same sign, .v being positive, and what is that sign ? 

n — r 4-1 


We know that T r + 1 — T r . 




w 

The two successive terms will have the same sign 
when /i-r+1 begins to be negative *. c. when 

A i 


t. e. t when 
i. e., when 


t~r4l <0 


r 

r 


> 2 \ 


3. 


the 3rd and 4th terms will have the same sign. 

Now I 3 = 2 ^ x2==a Positive quantity. 

1 he sign is positive. 

of tho^m. ** ofivious lh*-. all Urn., from ». d after the 3 d are 

° r rtl ° S '*nie sig/i /. <>.. {>cs ,, Ve 



1 5 


to 4 terms. 


EXERCISE XXVII. 

1. Expand (1 — 2.r)"’to 5 terms. 

2. Expand (l-*) 5 to 4 terms. 

3. Expand ^14- 

yf > 7 

4. Expand (1—.r 2 )'* to 5 terms. 

5. Expand ^ 1 — “ A ^ a 

6 . Expand (3 ,i — 2.x) ' t> 4 terms, and sav for what 
values of .v is rhe expansion valid. 

7. Expand ^ ^ — 2 .v ^ to 3 terms, and say for 
what values of x is the expansion valid ? 

8. Expand - to 5 terms and give the general 

U 3 -* 2 )* 


J to 4 terms. 


term. 

(« 3 4-36.v 2 ) -5 ? 


9. \\ hat are the co-efficients of ,v r ' and .r 10 in 


I 


10. Find the (r-hl)th term in the expansion of — 

n/ 1 — x 

7 

1 1. Find the general term of (l —2x)~~. 

12. Find the 14th term in the expansion of (2 10 — 2 7 . x ) - 

13. Find the 3rd, 6 th and rth terms in the expansion 

of in x —a 5 at") - 7 . For what values of x is (he 
expansion valid ? 

1 

14 . Write down the rth term of (a~x)~ 11 . 

15. What is the greatest term in 0 + .r) a , when x = -g ? 

lO^L^Find numerically the greatest term in (l + x )~ n , 
when x == \ and n = 12 . 

- _ u 

c Which is the greatest term in (l — 1 x)~ 4 when 

r — 1 > 

» • 



2 l 


21 . 

22 


1 8. Find the great st ter n in (1 ~kr) “ when .r = |. 

X 3 

19. h ind the first negative term of (l 4-*) 5 . 

20. Give the first negative term of ^ 1 4* 

1 4 

What is the first negative term of (7a + 3x) 3 ? 
W hich is tfie first negative term of (5*+]) 5 ? 

23. ' Find the co efficient of .r 9 in —-~: 2 . 

\i —x r 

24. Find the co-efficient of ,r 5 in^i . 

1 — .r 

25. Find the co-efficients x T in the ex 

1 -Kr- x 2 

1 -Ky ' 

26. What is the co-efficient of ,v n in the expansion of 

2 + 3.Y + 4.Y 5 

(l-.r) 4 ' 

27. Find the (r-f-l)th term in the expansion of 

(1 + .v + y 2 + .r 3 4 .to infinity)". 

28. Find the general term in (1 — 3.v4- 6x 2 — 10.r 3 4- . 

to infinity;", when x < 1 . 

29. Show that x n =l +;i^ 1 - + 1 ) 


pansion of 


4-.to infin ty. 


30. S—.bM (|5j)»-!+».,+<((*) 


4-.to infinity. 

From which term will the terms of the following 
binomials have the same sign. Give the sign in each case. 

31. (1 — .r) * 3 ° 32. (1-x)* 

33. (i-*) 10 ‘ l 34. (l-*)“ 3 

75. Application of the Binomial Theorem. 

How the Binomial Theorem is applied will be clear from 
a few examples. 
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p.wef, x 'i y b?„ b : e ,r c ,„r^v e a, ,£ *"■* ^ 

(1 - .r)-3 +U 6 + 8 a)- 23 2 

(1+a)~* + (2 + a) 2 40 *‘ 

** ,h *"' in 

(1 — ^r) -+(16 + 8a) s (1 — a) - - +4(1 + -* )" 


(P. U. 1933) 


(1+a)-* + (2 + a) 2 


(1+a)-* + (2+a) 2 


= 1 + A x _ + 3* 2+Ml+ 

1 — ?x +1?+4 + 4* + A- 2 

= 5+_l*+Vy 

5 + J^+Vi 2 

= (5 + k+V^)xJ(l + i V 
_ (5+J*+ y* ! i x ;< i-ftVc+Sjyj 

= (s -H, + yv, +( "* +! ' v » 

=i<5 + wV i,1 “' V+ ’“ V ’’ 

= 1 + IS* 2 . 

Ex. 2. Show that if « and N are nearly equal. 

( _N_ ) “ N_, n + N . 

' 1 N+« + ' nearly . (P. U. 1925) 


( 

_ Since N and n are nearly equal, let N =* +A and 
n —x- A so that A i s very small and its cube and higher 
powers may be neglected. Then 

i -t - 


~*^a( 1_ 2?) nearly 

= 2a 2 —A 2 = (a 2 - A 2 ) + a 2 
2x(x — A) 2x[x — \) 


) 
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x 4- A 
2x 

N 


4 


2a- 

¥x- A) 
N 4 i/ 


N 4;/ 4// 

Ex. 3. Evaluate (312S) 5 to 3 places of decimal. 

(31 28 ) * = 3125 + 3)'=(5 s + 3)‘ = 5 £l+-|r J *"• 


~ 5{ 1 4- 1 

5 


3,n-D 


) 


Q 

5 ,„ 


= 5(14 


3.2° 


= 3{ 1 4 "‘7 


9 4 \ 

3 

9 x 2 l: 

1() ,J + 


10 

_ , 192_9.2 ,J . 

DU 10° 10‘" " +_ " J 

= 3 x 1.000192=5 00096, nearly. 

Ex 4 Sum the series 

. , 3 , 3.5 , 3.5.7 . . . 

1 + + + 4 .* + 4 . S .12 + --- t0 ,nhmty - 

Let the given series be identical with 


1 4 n x 4 


//(« — 1 ) > 


x 4 ...to i it tm i ty whose 


sum is 


(1 4 x ) n . 

Comparing the second and third terms of the 

i i 1 1 \ . u(h — \ ) 2 3 5 , , 

series we have h.v={...( 1J and - x — , ..(2). 

Divide (2) bv the square of (l). Then 
/i(/i - 1)_ 1 5 _ 16 


t wo 


n 


X 

16 9 


or 


»i = - * : 


and hence from (1/ x — — 4. 

the sum of the given series =( 1 — 4) ~~ = (4) 



161 


sion of 


Ex. Find the coefficient 

at+1 


x > n the expan- 


(x-l)(l+x 2 ) 


2 \ .x<\. 


x 


Spliting 


1 


x+1 


(.v-D(l-FV) mto partial fractions we get 


l+i 


1 —x * 


X 


Now j + ^=.r(l+Ar 2 )“ 1 


1 


Z x{l l^+ 5 X * 7**+- + ( - 1) V r +.. 

-AT-AT' > + AT 5 -AT 7 +...+(- 1 )V r -H + 




and )-i 

1 —a: 

= 1 + a: + a: 2 +a: 3 4-. 

Hence the required coefficient = the coefficient of 
,+a: 2 * 


..-n - 4 


in 




in 


1 


the coefficient of a: 

1 —x 5 
= (— l) r_1 — 1. 

EXERCISE XXVIII 

if x be so small that its square and higher 
may be neglected, find the approximate value of 

1 o 


powers 


1 (l-2x)*(l+5x) 


o 

- 3 


2 . 


1 

— ^ 


3 . 


(l-3*)* + (l-*) 

(4 — x)* 

(4 + 7xfi 

(2 + 3.00 ~~2x) i 


dr3 a?)^ ~ (1 + 5 at)~ & 

“Ik" « 
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r» 


5. 


(25 + 2.r)' J -(l + ;U-) ' 

(lb + 3+ 


6 . 


, (27 -11.vi 3 -(1 


3.v)' 7 

1 


X 


(1 -4.ir'+(9 4- ; 


7. I 1 inti the seventh rout of 127 to rive places of 
decimal. 

i 

8 . Hvaludte (344) 1 to four places of decimal. 

9 Find the value of 128 to five places of decimals. 

10 \\ nit is the illtn root of 30 correct to five places 

c»t decimal ? 


1 1 . 

decimal. 

12 . 

13. 

14. 


- 3 

4 


What is the value of (b30) 4 to five places of 

•> 

_ > 

Find t i 4 places of decimal the value of (1.3) + 

If x nearly equals unity, show that 

<ix*-bx b =(a-b)x* +h . 

If /» and <i are nearly equal, prove that 

(;r+ 1 )p + (n — 1)</ _/ p 
(;/ — \)p + (« + \)q y q 


15. 

16. 
17. 

hum 

Sum 

Sum 

1 + V + V*» ». + V* ? 1 +. to infinity. 

1 “ 1 + 1 .1 — J .*. d-j + .to infinity. 

1 — V' + V‘-?« ~ +. to infinity. 

18. 

Sum 

1 _4_ i q_ 1*3 _j_ 1.3.5 _j_ 1 3.5.7 _j_ 

3 3.6 3.6.9 ^ 3.6.9.12 . 

i n fi n i t y. 

19. 

Sum 

1+ 3 + 6 12 + 6.12.18 + . tomhnlty - 

20. 

Sum 

• 

1 .1.3.1 3.5 . ... 

2 + 4.8 + 4.8.24 + . ^ .nhn.ty. 

21. 

Sum 

1 + 10- + 1.2.10 4 + 1.2.3.10 6 + . t0 


to 


i nfimtv. 
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22. Sum 1 -f 1 -f _i_ 1.4.7 
__ 6 6.12 6*12.18**”.to infinity. 


6 6-12.18 .to infinity. 

I its vi] d ue ntlfy aS a tin ° mia ' ex P an sion, the series and 


1+3.-- +3- _LZ_ + ,j 3.7.11 . 
Id 16.32 + 3 ’ 16.32748 + 


24. Show that 

l+2x\ n . . . 


to infinity. 


1 + 


■(. 


H“ 2x 


n(n+ 1) 


+ 2x 


to infinity. 

26 W? V f tha u ( ^ )V= ‘ 9191662 "early. 

2+x What .s the coefficient of in the expans,on of 

x i~l w «en x < l ? 

27. hi nc j the coefficient of x r in th Q 
_ 1 __ u * ,n th2 expansion of 


1 - - r —--we 

2x i -x~-l when * <1* 

28. Find the coefficient of x 2n in th* 

* ~x+2 the ex Pansion of 

1 —x + x : — x*' 

I 29. Prove th a.t --1_ 

t-__ 4 0 -x){l ~2x)(l -3x)~ 

and hence show” that^th* ^ , + 4.?(l - 3 ^) - 1 

fraction is £(3"' t '~ — 1CierU o{ x " ln the given 

Miscellaneous Questions III. 

1. Find the term independent of * in 

(i-'-iy 

‘"i" sar“ - - - 


(l+x) •■= [-{ 1+H 1 - X 


fo infinity). 


i+H , , +"'"~ z y — *V_i_ 

4 l+x 2^ \l+xj + . 


(1 






4 . 
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If * is very small show that 


(L- 3*)_ s ± 3(1 -x)t = 1 7 


(4 — x)^ 


x . 


5 What binomial expansion will give the series 

* H-A+A.* + A-*-«+. [P-U. 1930J. 

6. If and g are positive integers show that the 
coefficients of x v and x l in the expansion of (l+*)‘ ,+ are 

equal. _ . . r 

7. What is the coefficient of x in the expansion ot 

— 5. 

(1 _ 3 ^.) 1 ? 

8 . Show that the sum of the coefficients of odd 

terms in the expansion of ( 1 +*/" i®, 2 **" 1 - . a .. _i 

9 Show that (14-2* + 3* 2 + 4* 3 +.to infinity 

= 1 —2x + x 

10. Find the value of (244)^ correct to three 

decimal places. 4 . . . 

1 1 Find the coefficient of x in the expansion ot 

(1 — x 4- x 2 — x 3 ) ~ 1 

12. If M differs from N“ by a very small quantity, 

then approximately 

3 x, (3N 2 -M) a 

VM^N- - &W • 

13. Evaluale Z/lOlO to four places of decimal 

14. Find the value of (1*1)^ to 3 decimal places. 

15. Sum l+i+^+6T§T8 + . 

16 Find the coefficient of x 6 in the expansion of 

(1 + 3x 4 - 6x *+ 10* 3 +.to oo )\ 

17. Find the coefficient of x n in the expansion 

l+x-2x 2 

(l -*) 3 * 

18. Find a anji b so that the coefficient of x n in the 

expansion ot ~j 2 may be 4w + 3* 
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19. If x be very small, prove that 

( 1 + 2*)* +<!—*)* „ 14 

. i — 2 rf.v. 

( 1 + 2*) 4 

20. Prove that C 0 -2Ci + 3C 2 -. + 

91 c- , a- . , (~ l) n (« + l)C„—-0. 

4 1. rind tne co-erhcient of x in the expansion of 


(1 — 2.r + 3 * 2 — 4 a * 3 +.) 


22. Sum the series 1 + ——|- 

10 10.20 


+ T 


1.4.7 


10.20.30 

^23.^ Find the co-efficient of x r in the expansion "of 
(1 — x y anc ^ show that there is no term involving x 10 . 

24. Show that the co-efficient of x r in the expansion 
of (o — 4 at)(1 2 x ) 2 (1-at) 2 is (r+l)(2 r+ 2 -l) 

r c _i ;i _ 3 — 4 at 

,bplit _ 2xY (f — x) 2 * nto P artia ^ factions and 


25. Show that 


expand.] 


1 + 14- -—|- 4- A _±_ 

2.2 + 6.2 2 + 24.2 3 + 

= 1 +l + (#) 2 + , 

1 . 5 


26. Prove that 1+ ~ + 


2 2 


1 , 5.7 

6 + 2 | 3 


5.7.9 


1 


3 1 


1 


2 14 ' 

_ 3.5_. 

16 | 2 * 16 2 ' / 3 J 16 3 j 4 16 4 

27. Prove that 

2 j. n 2 (n 2 — l 2 ) _ » V- 1 2 )(n 2 - 2 2 ) 


1 

6 2 
3 + 


+ 


-Vst.+ i--,' . L + 


+ ... .) 


1 — J- - 

C.2 2 1 2 .2 2 .3 2 

where n is some positive integer. 


+ ...-- 0 , 


[Use the expansions of (1 +*)" and (l + —) , and 

x 

find the term independent of x in the expansion of 

the product.] 
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28. If a, 6, c, d be the co-efficients of any four con¬ 
secutive terms in the expansion of (14-*)", show that 

a b c • a ^ 

77 , t— r—, —E , are in A. P. 

rr-ho b -he 9 c~hd 

29. Show that the sum of the first r co-efficients in 

the expansion of (!-*)“" (« + l)(» + 2)...(« + r- 1) 


IS 


r-1 


[Use the expansions of (1 — ~ 

and find the coefficient of x v ~ x 
of the product.] 

EXERCISE XXIX 

Miscellaneous 

Solve the equations 

/ (a-hbKx +2)_ a + bx , bjhax 

cx-ha-hb a-hex b~hcx ' 

(a) | ^/x+ Vy_ 17 2 2 _ 

v x + ^ 3 - + v*- r ; x +y - 


n and (l—#) 1 

in the expansion 


706. 


2. In how many ways may 20 shillings be given to 
5 persons so that no personjnay get less than 3 shillings ? 

Vx-5 V3x-7 


3. Solve U) 


0 a) 


3x-7 ~ 

— = -£- = 
a b 


8{x — 5) 

z xyz 


4. 


c x-hy-hz 
LPut each fraction equal to k .] 
Show that if 6c, c#, ab be in H. P., then 


). 


+ 


) c ( 


+ 


) 


will be in A. P. 

5. If a> by c be in G. P. and if p be the A. M. bet¬ 
ween a and 6 and q the A. M. between 6 and c, then 6 will 
be the H. M. between p and q . 

6 . Show that the ratio between the nth and (« —l)th 

co-efficients in the expansion of (l — x)~ n is 2 : 1, where n 
is a positive integer. 

^ h u W tha n a * 2 + ?>x + c = 0 is an identity when it 
is satisfied by <*, T, all different values of 
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- , J ind if . 9( t ~ 1 )(x~2) + (x ~ 3)(.r - 2) - 8(.r - 1)( v - 3) 
~lx is an identity. n D ' 

2 8 + x F ° r a " rea ' Va ' UeS ° f r find the greatest value of 
6 + 3.r +2.v 2 * 

9. What is the co-efficient of in (1 + 3 -^ 3 , 

1 n T 7 * 1 4.1 ( 1 + 2x) Z 

‘ Fl ! ^ ge:leral term of (1 +*)-" and the middle 
term of (x + ~-) , when n is a positive integer. 

+ JI>fn OW n t K at the , r °° tS 0f ^ + d 2 ) + 2 X {ab + cj) 
-ra i c —0 will be equal if they are real 

decimal ^ ^ CUb ® r °° l ° f 126 to rtve P^ces of 


111 


III 


« ^ ^ _ —■—— __ *11 

13 . Find x from V(« + x) 2 + 2 S( a -x7= 3 

h i 14 , ^ 4 numbers in A. P. which when increased 
oy 1, 1, 3, 9 respectively give a G. P. 

15 a GiVCn a ’ b ’ C ‘ n A ‘ P ' and b1 ' c2 ‘ n H.P., prove 
that by c are in G. P. or a — b = c. 


16 . Solve the equations (i) 

(it) 


a 2 = b z 
(x-a) 2 (x + b) 2 * 

AT 2 + y 2 


17 

18. 


—^ +x 2 + y 2 =%0 
xy * 3 

-fy + xvs= 3* 
x* + y 2 + Xy lfI * 

[Put y — vx and divide.] 
Find the co-effici-nt of ,r r in 1 - 

Show that i + -L + -LlL + 1.4.7 1.4.7,10 

4 4.8 4.8.12 '4.8.12.16 " 

= !+ 2 + 25 4 - 2 - 5 ’ 8 -f 

6 6.12 6.12.18 


+ 


19. 


2.5.8.1 1 
6.12.18 2*1 

How many different sums of money can be repre¬ 
sented with a soverign, a half-soverign. a crown, a florin a 

shilling, a penny and a farthing ? 
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20- Solve (/) 


+ 


— 9 
~ 2 


21 


X 1 — 1 X'+l 

(ii) 3xy + 2z=xz + 6y = 2yz + 3x = 0. 
[Transpose each equation and multiply together.} 

Solve 


(i) Vx 2 + a+ Vx 2 -a= V2a + b + Vb. 

(it) *(3;y-5) = 4; y(2x + 7) = 27. 

22 . Two students attempt the " same quadratic 
equation. The first after reducing has only a mistake in 
the coefficient of x and gets the roots — 9, — 1 ; while the 
second after reducing has only a mistake in the numerical 
term and gets roots 8, 2. Find the roots of the correct 
equation. 

23 . An A. P., a G. P, and an H. P. have i and — l 
as their first two terms, find their third terms. 

24 . Find n from (i) r\ n P 5 = n P 3 . 

(it) 2O C2n-3 ==20 C3n-2* 

25 . In how many ways can an eleven be selected 
from 23 players with the condition that 6 of them are 
always included and five always excluded ? 

26 . How many Words framed with the letters of 
word equation, will begin and end with a consonant ? 

27 . Show that 


the 


a- Krl“ 


a — x 


= 1 + 


x 


a ~b x 


+ 



a -\r x 



show that the 
at a time is 


28. Out of ti things only two are alike 
number of combinations of them taken 

n C r — n-2 C r - i. . 

29. In how many w’ays can 24 tables and 23 chairs 
be arranged in a line so that no two chairs may be together; 
all tables and all chairs being alike. 

30. If x < 1, prove that 

x _ x 3 . _ X s 

l-x 1 — x 3 * \ — x 


- 5 —.to infinity 


+ rfv + if? + . to infinity - 


* 3 


X X 

2 _ x is the sum of the infinite G. P. x + x*-hx 3 +...? 


X3 
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is the sum of the infinite G. P. .r 3 ** 6 - 1 -- 9 

the first series 


and so on 


= (x — * 3 -f * 5 —. 

( at 3 -* 9 ** 15 -.. . 

= - r + - y2 4. 

1+* J 1+* 4 ^ 


)-(* 3 + .r 6 + * , + ... 
...)-. 

...) + 

) + (x 2 - x o + x' i -.. 

—) 4- 

. 

■r 3 4- 

1 + -V 6 + . 

] 


31. If Si, S^, *"h» he the sums of //, 2n t 3// terms 
respectively of a G. P , prove that Si(S,- S 2 ) = (S* - Si) 2 . 

32 . Prove that n 2 + 2n{ 1 + : + 3 *.+ (« —l)>=w i . 

33 . Find r if the coefficients of the rth and (r + 4)th 

terms in the expansion of(l**) :0 are eoual. 

34 . For real values of * show that • h<- maximum value 

of 2(a — *)(* + **“ + 6“) is ar + b 2 . 


35 


36 . 


Sum the infinite series 
1 _ 1 _ _ 2 

5 5 2 6.5 2 

Solve 


1- 


(o x ~J/r\+ x+ 

x-r Vx ~ 1 x-~ Vx 2 —l 


(it) x z + 2xy — y 2 = ax~hby 
X 2 — 2 xy — y~ = bx — ay. 

^Put y = vx and divide. 


(bus get v= a . 

a + bj 

37 . If m is the number of combinations of // things 
taken 2 together, then ’“C;> = 3 n + l C 4 . 


38 


If p t q , r be inA. P. and if a X 

px 

show that *, y, z are in H. P. 



The given equations are 


ji _^ a 

x _ y 


a— y _ ci — z 

qy rz , 

• i 

_ z 


o 5 


L* z \ 

ly J 

P+r , 

2q 
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39 . A sum of money is distributed amongst a certain 
number of men. The second man receives Is. more than 
the first, the third 2s. more than the second, the forth 3s. 
more than the third, and so on. If the first man receives 
Is. and the last man £3. 7s., find the number of men and 
the sum distributed. 

40 A gentleman has got 5 sorts of note-paoer, 8 
different pens and 4 different inks ; in how many ways can 
he begin to write a letter ? 

aa ou i.i_ ^ (l+2^:) G + (l — x)^ 14 

41 . Show that- x - =2 — ~TT X » when x is 

(1 + 2 *)* 15 

very small. 


42 . There are chalk sticks of 7 prismatic colours. In 
how many wavs can they be arranged so that the violet and 
red sticks shall never be together ? 


43 . Solve V3‘x—2—V2x— 1= V5X — 4-—\/4x—3. 

44 . Find the value of (1.02) 7 to four places of 
decimal. 


45. Find the va.ue Q /± + Vl5)* + <+ _ - Vl5)» 

(6+ v/35) f —(6- V35)*' 

[(4 +■ v' 15)^ = (4 + V15) V4+ V15 = (4+ a/ 15 )x 

( Vf + v / f) = etc.] 

46 . Prove that zv 4 + 2zv°-\- zv s = 1 where w and zv 2 are 
the imaginary cube roots of unity. 

47 . If the equations x 2 px~\~ q— 0 and x 2 -hp’x~\- q’ = 0 
have a common root, show that it is either 

9 a 0 


q-q 


or 


pq'—p q 


P~P q-q' 

48 . In an A. P , whose first term is a, if the sum of 
the first p terms is zero, show that the sum of the nexi 

_ “(P + q)g 


q terms is 


P-I 
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r 0nC ° f the r0 ° tS ° f * 2 +/>* + g = 0 is 

of the other, prove that p 3 - q (3p - 1) + ^ = 0 . 

DU. If a, are the roots of x 2 fix a = 
values of 1 

(i) a 2 + «/?+/3-. (,v) a 3 + /S 3 , (//,) a 4 


the square 
: 0 find the 

+ <* 2 /3 2 + /3\ 
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PUNJAB UNIVERSITY PAPERS 


1. Solve for x , 


1925 

x — a x + a _ 34 
x + a x — a 15' 


If one root of the equation x 2 —px + q= 0 
square of the other, find the relation between p and 
V' " 2. Sum to n terms the following series :— 


be the 


3. 


U) 

(it) 

( Hi) 

(a) 


(b) 


( it— 1) + (// — 2) 4- (it — 3) 4-. 

<7-4- (a + d)r + (a + 2d)r z + . 

14 - 3 - 4 - 7+15 + 31 +. 

Obtain the number of combinations of n 
things taken r at a time. In how many 
of these will three given things not occur ? 
Show that if n and N are nearly equal. 


N 

N +n 


:+N 
4 it 


nearly. 


Evaluate v 7 995 to 4 places of decimal by the 
Binomial Theorem. 


1926 

1. (i) Solve a(x 2 -\~ l) = Ar (<* 2 + 4). 

(it) If a and P are the roots of x 2 — 3*+1=0, 

__ __ « P 


find the equation whose roots are ^ ^ . 

Or 

Euler says it would be difficult to find x so as to 
make^ 4 -2/)V + A: 4 + A: a square, but show that it is not 
difficult. 

2. Sum the series :— 

(i) 51+50 + 49 +.+ 21. 

(it) 1 + 2r + 3 r 2 + 4r 3 +.+ n r n “ *. 

(Hi) x + 2(x — —-- ) + 3(,r-^r) + 4(.r— — r- 

n — 1 ii — 1 it — \ 

+.to it terms. 

3. (i) Find the number of combinations of n things 

r at a time. 


\ X 
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(«•»■) 

(««) 


3 

Evaluate \ 1 -f- s to 4 places of 


decimal 


by the Binomial Theorem. 

If N and n be nearly equal, then 

v/U-n”, + ! n+ " —ly. 


ii 


1927 

/ 1. Solve the equation ax 2 -b bx 4-c = 0. 

If a and /3 be its roots, show that for all values of * 

ax 1 + bx + c = a(x — a)(x — P), 

and find the equation whose roots are a4- ^ , Q + „ . 

a fi 

3 


2 . 


3 . 


Sum up the series l J + 2'-f3 3 +. -bn 

If m is the Arithmetic mean of n consecutive 
integers, show that the sum of their cubes is 

mn{tn 2 + ](«“— l)>. 

From the first principles prove that 

_ « n-i 


"C r = 


C r -1 


Show that n C r + n C r -i = n+, C r . 

Prove the Binomial Theorem for a positive integ¬ 
ral index and find to four decimal places the fifth root of 
344. 


1928 

1. Find the condition that the roots of 
ax 2 +bx -F c = 0 may be (*) equal (ii) real and unequal. 
Show that the roots of 

(x — a)(x ~ b ) 4- (.r — b)(x — c) 4- (x — c)(x ~ a) = 0 
are real When will the roots of this equation be equal ? 

2 . Show that the sum to infinity, of the series a-bar 

-bar 2 ~b .— , — where the numerical value of r is less 

than unity. 

Evaluate: 1 4-4.\r 4-9.r : 4-1 6 a: j 4-25*’4-.to infinity, 

when x—\. 

3 . Find the number of permutations of n dissimilar 
things taken r at a time. 
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Eight papers are set in an examination, two of them 

in Mathematics. In how many diffcreut orders can the 

papers he given, provided that the two Mathematics papers 
are not successive ? 


4 . State (without proof; the Binomial Theorem for 
negative or fractional index. 

Expand (1 -hx-hx") ' in ascending powers of x upto 

the terms contamngV. for what %-alues of .r is the expan- 
sion valid ? 


1929 


1. Solve the equation x 1 +px+ =0, and show that 
the necessary and sufficient condition that its roots should 

be rational is that p^-k-V ^ , where p, q , k are rational. 

2. If the mth term of a series in H. P. be u, and the 


ntn 

r 


nth term be m, prove that the rth term is 

Prove that ,,+I C r = , 'C r + "C J -i. 

3 . Sum the series :— 

1 "f"2 +3 +4 -f- .to 2n terms. 

1 — x~h 2x~ — 3x*~h 4x* — .to infinity (0 < x < l). 

Write down the expansion of (1 — at) “ n when 

and identify the series 
J O- -1-1 n 2 1 1 1 5 2 1 2 7 i 

1 * 8 ■ 6 • 1 r, i H • 1 H. 2 4 I . 

as a binomial expansion. 


(*) 

iii) 

4. 

0 < a: < 1 


Show that — 9191662 nearly 


1930 


1. 1 rove that an equation of the 2nd decree in x 

cannot have more than two roots, and solve the enuation 

1 = 1 
x+\ .v + 2 • 


Betweet what limits does 

2. Find the sum of the 

integers. 


.v ; - 2x + 9 
x' + 2x + 9 
squares of 


lie <x being real) ? 
the first n odd 
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If n is even and a + p and a — P are the middle pair of 
terms, show that the sum of the cubes of n terms in A P 
is n*{* 2 + (n 2 — l)/3 2 }. 

3 . Find the number of combinations of n things 
taken r at a time.* 

If " +2 Cs : " ~ 2 C a = 57 : 16, find n. 

4. (i) Sum the series 1 +x + x~-\- . + x n . 

If the number of terms be infinite, determine when 
the sum is finite and definite. 

{it) State the Binomial Theorem and indentify the 
series 

I 4* r 7 ff T i'V vw- "+■ T. 

as a binomial expansion. 


1931 




(i) Solve the equation ax 2 + bx-hc = 0, and obtain 
th*? condition that its roots may be negative 
(a, b y Cy being all real). 

(a) If a, a z be its roots, find c when a = 8 and 

b= -30. 

(i) Find the binomical expansion of which four 
consecutive terms are 576, 2160,4320, 4860. 
[it) Prove that the coefficient of x n in the expan- 

x^’ 


sion of 



— a: 


is \n ; (x < l). Point out an 



4 . 

5 


exceptional case, if any. 

0) Prove without assuming the formula for 
the number of permutations that 

n P r = n “ I P r + r B - , P r _ 1 . 

\ii) Solve the equations : — 

xy(x + y) = 30, x 3 ~hy 3 = 35. 

U) Prove log b n = loga n X log b a . 

iii) If a , b , c are in G. P., show that loeT\ 
logo" are in H. P. 

Sum the series :— 

(i) l 2 -2 2 -f 3 2 -4 2 + ...-f (2n-\) z -(2n) 2 . 

(tt) 1 +3x + 4x 2 + 5x 3 + ...to oo( x < i). 
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1932 

1. (t) Solve the equation ax 2 + bx + c =0. 

( а) Find the number of terms of an A. P. of 

which the first term, the sum, and the 
common difference are f, 5, — -rr respec¬ 

tively. 

2 . (t) Sum the series rt+ar + ar 2 + ... + or n . 

(ii) Find the least value of n for which 
S —S n < 03, where S denotes the sum to 
infinity and S n the sum of n terms of the 
series 

1 + i + i + I + tS,■ +... 

3 . Prove from the first principles that M C r =" C r -i 

Apply it to show that n C 0 ~b n Ci”f" n C 2 "t" • • • “b C n 2 . 

4. (a) State the Binomial Theorem and apply it 

to find the value of (i) (999) 4 , (ii) (129) 7 
to three decimal places. 

(б) Sum the series 1 — x + 2x 2 — 3x 3 +4-x 4 — 


1933 

1. Discuss the nature of the roots of the equation 
ax 2 + 2bx + c = 0. 

If d, /3 be the roots of the equation x* + x +1 = 0, form 


£ 

a 


and account for the 


a. 

the equation whose roots are , 

identity of the equation thus obtained with the original 

equation. , v , , . - . , , 

N Jp2. Sum the series : — (i) l 3 +2 3 + 3 3 + ... + « . 

' (ii) 2+2 + t + l+S + . 

If S denotes the sum, and S n the sum of the first n 
terms of the series (ii), find n for which S — S n <or = i. 

3. Expand (1 +x) 1 " in powers of x when tn is a 

positive integer. 

If x be so small that its cube and higher powers may 
be neglected, prove that 


(I-*)”-* + (16 + 8*)“_ 


1 


(i-h*)-*-K2+*) 2 


= 1 + 


23 


40 


x 
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4 . (a) 


( b ) 


(c) 


i Xm 


ffc) 


2. f<7) 


Define permutations, and prove from the 
first principles that n P r = n - 1 p r + - i p 

Find four numbers in G. P. so that their 

sum may be 15 and the sum of their 
squares 85. 

Or 

Prove that if the equation in at 

<«y + \)x 2 + 2(by + „)x + (cy + v) = ’o has a 

root independent of y, then both roots are 

rational (< 7 , b, c, A, u, v, y being rational 
numbers). 

1934 

I f 2 the equations x 2 + p x + q = 0 
x rx s = 0 have a common root, 

that it is either or s 

Q — s r —p * 

Solve the equations (t) x ~h = 3 ^ 

x 3 

at+2 , 2 __x + 3 

x 1 3 x — 2 ' 

Sum the following series to n terms — 

(i) 2.5 + 5.8 + 8.11+... 


and 

prove 


(ii) 


3 . (a) 


4 . (a) 

<b) 


'S (ii) 2 l 5 + 5.8 + 8Jl + . 

\b) Kx press .234 as an infinite Geometrical 
series. Find the sum of the series in the 
form of a vulgar fraction and deduce the 
Ai ithmetical Rule for converting a mixed 
recurring decimal into a vulgar fraction. 
Find the number of combinations of n things 
taken r at a time. Prove that 
10 C 4 + ,0 C3 = 1 , C 4 . 

(b) How many different words can be formed 
out of the letters of the word Amritsar 
taken all together ? 

State and prove the Binomial Theorem for 
a positive integral index. 

Obtain to three places of decimal the fifth 
root of 31 (by u s ing the Binomial Theorem), 
(c) If x be very small so that its square and 
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higher powers may be neglected, prove that 

4^= 1 + 2*. 

1 — x 

Or 

(c) Split up into partial fractions the function 

V /(*) _ 

(* — a)(x — b)(x — c) 

1935 

1. (a) If a, /3 be the roots of the equation 

x 2 + ax 4- \(a 2 — b 2 ) = 0, 

prove that are the roots of the 

equatian x 2 + (a^zb)x ±ab = 0. 

# , x 4 3 _ 2_ _1 

(b) Solve (/) * +4 -* + 3 -V+2 x+1 

(it) x 2 ~\~xy= 15, x 2 y 2 5. 

2 (a) If a , c be in A. P and y, z in G. P- 

prove that x b y c z a = x c y a z . 

(b) Sum the series (/) 1 J 42 2 43 2 4 .+ w 2 

(it) (H) 2 4(2|) 2 4(3^) 2 4. 

to ft terms. 

3. (a) Find the number of permutations of n dis¬ 

similar things taken r at a time. 

Find the value of //, if n P 4 : n-1 Pu = 9 : 1. 

(b) Find the number of ways in which in boys 

and n girls can be arranged in a row, so 
that no two of the girls are together. 

(m > ii .) 

4. (a) Apply Binomial Theorem to expand (1 - at) - "; 

and find the sum of the first r coefficients 
of the expansion 

(6) Split up into partial fractions the function 

1 

(*+l) 2 (* 2 +l)‘ 

1936 

1. (a) Find the roots of the equation ax 2 4 2bx 4c = 0, 

and establish tests to determine the nature 
of these roots. 
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(b) 


(clj 


( 6 ) 


3. (a) 


(b) 


ia) 


(b) 
Or ( b) 


Solve the equations (Y) 

(it) 


- 2 _ 


•v 4- 


+ - 


r - 

6 


10 = 3* 

=" 18 , 


-1 


= 1 . 

of terms in 


+ 36,... to 


// 


I-md the sum of a number 
Geometrical Progression, 
burn the series a + b, a' + 2b a 
terms. 

If b eerTed n r any tW u quantities there be in¬ 
serted two arithmetic means Ai, A, • two 

geometric means Gi, G 2 ; and two har- 

m°n,c means_ H, H 2 ; show that 

Find , u ' Hl Hz ~ Al+A 2 : Hl+H 2 . 

then 6 ATaW Se ' eCt ‘° nS ° f '* ^ 

“= •: 3. *»« 

F, ”f * h * " umb " »f diagonals .hat can be 
drawn by joining the angular points of a 
se\ en-sided ure. 

When n is a positive integral number, write 
down the expansion of (1 + *)", and find 

M o i le if reatest tCrm ,n the expansion 
AL ° the sum of the squares of all the 
co-efficients in the same expansion. 

bpi,t up ,nto Partial fractions, 

* — 4 

<* 2 + 4)(* 2 - 3*4-2)' 


1937 

1. (a) Solve the equation ax 2 + bx + c = 0, find the 

condition that the equations a*“ 4-6* 4* c = 0, 

ax ~rbx + c= 0 may have a common 
root. 

(6) Solve the equations (/) v'3* 2 -f 1 4- * 

V sx^-hi 
= 5 

(ii) 3*4-4y=25, —4- - = 2. 

* ^ 
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2 . (a) 


C b) 


Find the sum of n terms of a Geometrical 
Progression of which the first term is a and 
the second term is ar. 

Sum the series 50 - 40 + 32 - 25.6 + 20.48 + 
upto infinity. 


that the series 


values 

must x 

lie in order 

2 * 4- 

r 2 * t 

+ m*t 

x~h 3 

U+3J 

+ L* +3 J 


3. (a) 


(a) 

(b) 


+... to infinity may have a definite sum ? 
Find the number of permutations of ii differ¬ 
ent things taken rata time. 

In how many ways can 5 rupees and 6 pice 
be arranged (i) in a row, (ii) in a ring 
(the rupees being all alike and the pice 
all alike) ? 

State and prove the Binomial Theorem for 
positive integral indices. 

Find the co-efficients of the two middle terms 
in (1 + *) 2n + 1 , and the co-efficient of the 
middle term in ( 1x ) 2n , and show that 
the quotient of the first expression by 
the second always lies between § and 2. 

1938 

1. Solve the equation x z +px + <7 = 0, and find the 
condition that one root of it may be n times the other. 

If the difference of the corresponding roots of the 
equations X*+px + q = 0 and x 2 + qx+p = 0 be the same, 

then £ + <7 + 4 = 0 

Solve the equation 

(i b — c)a^ + (c — a)x + (a — b) = 0. 

2. Sum the series 

( :\ 1 3 _L 03 _L ( . 

1 


Hill l 1 J c 

(#) l 3 + 2 3 + 3 3 +.+// 


(u) 1 + l +2 + i +2 + 3 

2 2 


+ 


..... 1+2 + 3 + + +. to " terros - 

If a 2 , 6 2 , c 2 are in A. P., Show that 6 + c, c + a, a + b 
are in H. P. 

3. From first principles or otherwise prove that 

"C r + n C r + 1 = n+1 C r+ i 
If n Ci 2 = “C 5) find 22 C„. 
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From 7 Unionists and 4 Congressites a committee of 
6 is to be formed. In how many ways can it be done when 
the committee contains at least two Congressites ? 

4. State the Binomial Theorem for any index and 
express the series 


1 - 


1 

2 


1 

2 


+ 


1.3 

2.4 


1 

2 Z 


1.3.5 1 


+ 


1.3.5.7 


1 

2 4 


2.4.6 2 3 ' 2.4.6.8 

as a binomial expansion and find its value. 

\b) If the successive coefficients in the expansion 
(l+*) u be 220, 495 and 792, find n. 

Or 

Split up into partial fractions the following 

_ 2x 4- 1_ 

U + 2)u-3f 


of 
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ANSWERS. 

Exercise I 


1. 

5. 2. 

5. 7. 

3. - 

7, 4. 

4. 

2 _ 3 

5. 

?• 6. 

13, -If. 7. - 

7 } 

M « J> . 

8. 

j # 'J • 

^ o x 

9. 

, a 4- ft 

9 . 

•-* 

10. 

P+l, P- 

- 1. 

1 1. 

**9 *J • 

7a, 3a. 

1 2. 

</ + 6 ft + c 

C * (7 

13. 

1 7, 3. 


14. 

1 ± V5. 

15. 

<T±V 2 . 

16. 

1 

c, 

/> 


17. 

-1, “ 2 . 

1 8. 

3, J. 

19. 

C 

6 , -9. 


20. 

•S/>, #/>. 

21. 

13 1 

•1 * • 

22. 

3zb V 5. 


23. 

W ± ft. 

24. 

-9, 4. 

25. 

tn ± n 
l 


26. 

142 V 7 3. 

27. 

1± V/3 

31 2 * 

28. 

a ± ft 

• 

c 


29. 

± ^ r 

30. 

±V3 

2 

31. 

0, a 4- ft. 


32. 

4- * 

V ^ 9 

33. 

1 sec., 11 sec. 

34. 

-3±3V‘ 

> in. 

35 

V J 

5, -4. 



Exercise 11 




6. 

364-/77. 

A 

7. 

0 4- i(a z ~\r h 

- 2 ). 

8. 

1 2 i • f, 

1 M I / f u 

9. 

14 -Vi 

•j -rt •>. 

10. 

n+m. 



1 O ' * 1 J 

11 . 

° + v+ i. 

P +Q 

27. 

±(24-1*3). 


28. 

±(5-/4; 

29. 

± VT (1+,) - 

30. 

± V 2(1 — 

*). 





Exercise 111 




1 . 

±5, ± V 3. 

2. 

+1 

41 

. 1 

1 2 ‘ 



3. 

2 , 2 w, 2 u> 2 , 

1 i 2 

% IV, .5 IV 

• 


4. 

4, 9. 

5. 

- 1, 27. 

6. 

81, 16. 




7 

(-4aY',(3a) n . 

8. 

0 , 2 . 


9. 

2, 3. 

10. 

0 , 2 . 

11. 

0 , - 1 . 


12. 

f, *. 

13. 

1* 4 

I 1 

14. 

41 

cm 

41 

V/ 

2 

5 ' 




15. 

17. 

18 . 
20 . 
22 . 
'25. 
28. 
31. 

33. 

35 

37 

40. 

43. 

46. 

49. 



1 , §■ 16. 0,4. 

K-5±V2l), i(—5±z'V 11) 

3, -2, 8, -7. 19. 3, -f, H3±iV47.) 

4, ~§, t(1± V65>. 21. —1, 4, 4(1 ± V5). 

1. 23. 7, -V. ‘24. 2, • 

1, 2, |(3±z). 26. ±5, ±3V2. 27. 2, -4*. 

4, -2|. 29. 6, 30. 3,2. 

1. K-3± V5.) 32 2± V3, i(-l±*V3) 

3±«V7 -l± z Vl5 , 3 ±V5 

4 ^ 4 * ^ *2 • 


? — -i 3 — 1 

36. 

. * -5±fVll 

, 

5 A 

38. 

3, 5f. 

39. - ! ±' /17 . 

-6±2 \/3 

9 

41. 

“ ~' f- 

1 „ -22±2v/37 

2, 

44. 

, 2rz 
it 5 -• 

45. 3, -1. 

it 1. 

47. 

0, rz. 

48. a 2 Al±V5) 

cz, —b. 

50. 

± 

« +1 /'LZi 

- 2’ * V »z + l * 


Exercise IV 


l v , (z) * 2 -7.r+12 = 0 (zt) x 2 + 2x-24 = 0 . 

'(zz'z) x 2 +4x —45 = 0 (z'v) 3x 2 -56*+ 36 = 0 

(v) 7.r 2 + 54 a - + 5 5 = 0 (vz) * 2 -6*+7 = 0 

(viz) * 2 — 8* + 9 = 0 (vzzz) z 2 - 4.r + 9 = 0 

(z'.r) * 2 +12* + 45 = 0 

(a:) (a 2 —& 2 '* 2 + 4<z6*— « 2 +/> 2 = 0. 


2. 

(*) 

±i% v/11 

(a) 

- li (Hi) W. 


3. 

(«) 

in 2 — 2. nl 

i 2 

(a) 

m 2 — 2nl '(...\ 

(»z) 

mti 

l 2 * 

4. 

(*•) 

4 §i 9 (it) 

±% 

V 109 (Hi) *S r \ 


'C 

(«•) 

pq(p 2 — 3q) 

1 

(a) 

p z +p — 2q /...x 

1+*> + <, (m) 

2(1-a) 

3. 

1 +/> + £ * 

6. 

2<? 4- 2ni — Ip. 

8. 

qx 2 + 2px 4- 4 = 0 . 


9. 

tux 2 

— {I 2 — 2m)x + in- 

= 0. 10. x 2 — a 2 x -\ra 2 b =0. 



1 S 5 


i -1 


11- (/'' <i u x- + i i i frc*(b 2 — 3<tc).v 4-c n = 0 

1 ' ‘ ^ c , v ~ — 6 (3 < re — 6 -) x -f«/ C = 0 

l o (, V } ’ ^v.V” (/> 4 -4(^r'c-f 2</V).v+(rt-^0. 
i («/“/• + </ 6(7 4 /r/>).r(«^ + 26/)).v + /> = q. 

V • 7; v + 3 = °; 14. A*- - 2b x + 4c = 0 

x +(2x-ni ). r + /i J = 0. 16. rr.r J -f 66v + c£ 2 = 0 

2»r = 9h,. 18. 46~ = 25ac. 20. 

>//> — //* — //<? 

/<?-;»*> ° r np-ir’ 23 ~ 15 ’ °- - 4 - 24, 1 «« 

0 or 8. 


13. 
15 . 
1 7. 

21 . 

25. 


Exercise V 

i. (/) Imaginary (,V) Rational (/„> Real but irraiional 
(«■) Coincident (r) Imaginary (tv) Real but irrational.' 
■j. ±j0. 4. 4. 5 0 3 

21 . (i) a — c iii) b negative and c positive 

OOt\ & -n d ?^ OS | ri - e c negative. ( v ) 6 = 0 . 

22. (/) c 0. //) b-c — 0 (in) « = 0 (/V) a = b = 0. 

^ J ^ » 00 • 


Exercise VI. 


1. 

1 

#» 

II 

H 

2. 

x = 2, -9 

3. x = 5, r 'S> 


y = 2, - VV . 


3'= 9, -2. 

3’ = 4, 2. 

6- .v=-7,4 

v = 5 — 1 

4 

.r = !» 

y=J. 

5. 

V = v 1 

» 7 

v=2, f. 

7. 

*= - 1 , n 

> 

8. 

1 - = 9 ^ :s 

^ 14 

.9. x = 3 , 5 


3’ — — /. t . 


y” 1» }£. 

y = 5. 3 . 

10. 

x ~ 7, -2 1 

1. 

_ 2 1 
r “ / • 1 

12. .v=±5, ±4/ 


3’ = 2, -7. 


1 9 

3’ = ,- 

ni m 

T4, ± 5i. 

13. 

*= ± V 6 


14. x 

_ ~ 1 i v 7 1 585 




4 


3=±4 7 6. 



_ 1 + \71 585 

15. 



y 

6 

*=3, 3, -3, 

-3 

16. r 

= a, a, — a, — a 

17. 

3> = 2, -2, 2. - 

-2. 

y : 

— 6, — b , —6,6. 

x = 4, -4 1 8. 

x= 2 

19. .r=TV 


’ 1 1 VJ- ^ ^ JL 37 . ,r — ”r T7 

3 > = 4 » 4 - 3 ’= 3 >• = ± 4" 
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20 

21 . 

22 . 

24. 

27. 

30. 

33. 


* = 3, 3, 3, 3, -3, -3, -3, -3 

y — 2, -2, -2, 2 , 2 , - 2 , - 2 , 2 

5, 5, _ 5, 5 # 5j ~ 5, 5, 5# 

x=~-1, 1 , 1 , 1 , - 1 , - 1 , - 1 , -1 

jr=2, -2, -2, 2, 2, -2, -2, 2 

2 = 3, 3, —3, —3, “3, —3, 3, 3. 


* = 3, 

-9 3 9 . 

4 1 4 ’ 19 

to 

04 

• 

H 

II 

H- 

U) 

• 

37=4, 

- 3 , - 1 . -w 

37=±5 


2 = 1, 

3 1 8 

Tf 7» TIT* 

2 = ±4. • 


* = 3, 

-3, -3, 3 

25. * = 8, 2 26. 

* = 3 2 

37=2, 

2, -2, -2. 

37 = 2 , 8 . 



*=l,i 28. x=5.l 29. *=12,4 

= 1. y = 3, — J —4, 12. 

*=2, 1 31. * = 9, 4 32. * = 36, 1 

37=1, 2. 3’= 4, 9. 37=1,36 

* = 4, 2, 3 + a/ 2l7 3- ✓ 2t~ 34. * = 8, 2 


37 = 2 , 4, 3- v/ 21, 3+ \/ 21. 3> = 2, 8. 

35 . x= ±6 

y - ±2. 

Exercise VII. 

1 . * = 8, 4 2 . * = 6, 5 3 *=1, 4 

3 ’ = 4, 8. 37—5, 6. 3’ = '7, 1- 

4. * = 10, — 10-, 9. -9 
37=-9, 9, -10, 10. 

5 . *=3, 2, -3 4- v / 3, —3— v^3 
37 = 2, 3, -3- \/3, -34- \'3. 

6. * = 5, 1, 1, -4 

37 = — 1, — 5, 4, — 1. 


7. *=5, 4, 84- \/-VV, 8- v/ - \Y 

37 = 4, 5, 8- V-VV, 84- i/-%\ 


8. 

* = 3, i(7± n / 

— 31 

9. 

* = 8 , 2 

10. 

* = 3, 

n 

7 


37 = 4, i(7± v/ 

-3). 


C 

00 

•s 

II 


37=4, 

— V 9 

11. 

* 

II 

»# 

Ln 

• 


12. 

— » * 

13. 

a 

X ~ 2 

* 


. -j 





b 



37 = 5 , 4 



37 = <T. - 

a 

• 

3,= 2 " 

• 
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14. 

•V — </, h _ 

15. .v= C \(a± VbV 


S'—b, <c. 

y- ( ' <* 4- \ b)~. 


Exercise VIII. 

1. 

-v- ±6, ± ^ 

2 . .V — ± 4 , ± 3 \ 3 


JV'=±/, 2 . 

3’= ±3, ± V 3. 

3. 

•v == ± 4, ±23/ 

4 . .v = ± 3, ± 3 V — 5 


y= ±3, ± 10/. 

y=± 4, ±2V-5. 

5. 

-v= 5, i ( V 22 + V — 5) 


3>=1, ±( ^ 22- v 

-5). 

6. 

-v= ±</, ±26 v/ £ 

7 a6“ ± c/6 V 2<r 2 — b 2 

/. x= — . 

6“ — <r 


j=±26, zha 4. 

C76 2 4- cib V2</“ — 6 2 

3> = J -* • 

b — a 

8. 

at = ±6, ±6 

9. a: — ± 1, ±2 


3’= ±4, =F4 

y = ± 3 , ±1. 

10. 

AT = ± 3 . ± 8 V 1 W 



3> = ±4, ±6 v/ iVT• 



Exercise IX. 

1 . 

x — 5, 5, -7, -7 

2. x=l, -\fA 


j = 0, 3, 3, 0. 

y = 11. i 

3. 

x=2a, —a , V5r/ 2 ± V2a— 25a 4 ) 


y = a, -2a, i( - 5a 2 ± V 2<r - 25a 4 ). 

4. 

a;=*(5±V 13) 

5. at = 9, 4 6. a:=3, -V 


y = i(3 4 : v/ 13). 

3> = 4, 9. _ ^ = 4, -V. 

7. 

a: = 3, — 2 

8. at = ^(3±V 5) 


3> = 2, —3. 

3?= 1 ± V 5j. 

9. 

AT= ± 1, ±3, ±4 
y= ±12, ±4, ±3. 
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10. x = 3, -1, 7 + 2V13, 7±V10, 7±V“38 



y— — 1, 3, 

7-F 2 v' 13, 7T v'lO, 7=FV-38. 

11 . 

* = 5, 13 

12 . 

x — 1, 2, 3, 5 13. a; = 4, 9 


3> = 4, 12. 


y = 5, 3, 2. 1. ;y = 9, 4. 

14. 

* = 4, 2 

15. 

*-4. -2, l± 


y— 2, 4. 

17. 

3> = 2 f -4, -l±V r 3 r. 

16. 

x= 5, 5 

a: 3, 3, — ” J 


3 ? = 4, -4. 


y=3, — 3 , 3, —J. 

18. 

a: = 0 , 1 , M 


19. a: = 2, -W 


3> = 0, 2, 4V. 

20 . *=±y ? (26-«), ±«t 

3> = 3, X M 7 . 
21; a:=±3 

= ±^(2a-b),±bi 

y=±2. 


22. x— ±8 23. a: — V 2 24. at= ± 3 

^--•±5 3 ?==1 / :y=±5 

2 = ± 3. z= —12. z=±7. 

25. a:=±2 

AJ= 0 

z=± 1. 

Miscellaneous Questions I 

1. (*) 3 n , 5". (it) —4. (*'«'») 2, ^ 

(tv) 3, V* 2. 1 and —4. 4. 6. 

5. ±3 v/2,± v/-T0. 13. 27,-125. 

14. (i) l-l-tn + l 2 -l»i + m 2 . (it) l 3 -3m. 

15. w,iv 2 f ±\/5. 16. x— ± l,±i# ; y= ±3 f Ti2. 

19. 3ax 2 — 3a 2 x + a i — b =0. 

21. (t) at = 7,-1,3± 3 (») x= 5, 1 | 6 

y=l,-7,-3± ^-3. 3> = 4, 1 i 8 . 

(m) x= 2,3,6,14 (tv) x = 3, 3w, 3w 2 

y= 3,2,1, ;y = 2, 2u>, 2zv 2 zv = 20, 20iv, 20u> 2 

2 = 11 , 11 w, lliv 2 

23. 7±3 V 5. 

Exercise X. 

1 —-—4-—-— o 1 -i — 2 _ 

A * „ at+ 1 ^2 ■ *+l ' ‘ a: — 1 * 


* 
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8 


10 


1 1 


12 


13 


14 


15 


4 _ 5 

1 - 3.v 1 - 2.v • 


3 [*-x 3 + 2v] 


4 . 


6 . 


3 _ 4 

3.v + 2 4a — 

- 1 + — L 

-V+l X — 



2 4- 


3a-5 4 a 4- 3 * 


[ M + g . Pb — q 1 

a + 3 L a:— a x 4- h J 


- 2 - + —3— 

X — 1 ^ A'-2 


4 

A—3 ' 




4 


1 _ L-- 1 1 

-3 x-2 x 1 J 


a 


1 


+ 


1 


(a — b)(a — c) ‘ \ - ax (b — c)(6 — a) 1 — bx 


+ 


1 


(c — a)(c — b) 1 — ex' 


_6 _ 4 

a 2 4-3 a 2 4-2 


1 _ 1 ___ _ 2 _ __3 

a 3 4-2 a 3 4- 3 a j 4-4 * 


Exercise XI. 


1. 

1 

1 


3 

A 1 

A 4-2 


(a 4 2) 2 * 

o 

_LZ_ 


17 11 

^ 16(a+1) 4(a4-1) 2 * 

^ • 

2 1 6(a — 

3) 

3. 

1 

1 


3 3 , 2 

A- 1 

A 4-1 

T 

u+i) 2 (x+iy (x+\) 
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4. 


5. 


6 . 


7. 


8 


9, 


3 + 1 


L~ +—*_ 

*-l (* — l) 2 (*-l) 3+ (*-l)«* 


- 6 + _|_ + 3 


2 + 3* 1+x ' (l + ,r) 2 • 

4 . 89 39 


+ 


+ 


25(1+ x) 100(1-4a?) ' 20(1-4.v) 2 * 
2 3 2 

(i-^) 3 ~rwp + i^ 

5 


+ 


4 + 3 


10 


*+l '(*+l) 2 ' x—\ (*-l) 2 (*-l) 3 ' 

_J_L_+ _J_i^+ 1 

x-2 (x-2) 2 (x-2)* x-3 U-3) 2 ' 

-5 4 _ 1 


3(* 2 — 2) * 2 -2 3(1 — lx 2 ) 


— y~2\ • 


1 . 

3. 

5. 

7. 

8 . 

9. 

10 . 

11 . 

12. 


Exercise XII 

1 , 2*+l O 3 2 

3U-ir 3(** + *+l) • A * 2 +l a: + 3 

1 4 _ 3 2a? i 

2(1-*) 2 2(1+* 2 )’ 2ft+* + i*V 

3 lx -1 3(3-2a:) 

2U-1) 2(* 2 +l)* °* (3-3* + * 2 ) 2 3- 

2_1 

* 2 -*+l a: 2 + a:+1 ‘ 

1 _ 2' 3 

l&x 1 + * 2 T (1 + x ‘) 2 * 

1 _ 1 

AT Z + a; +1 a? 2 +AT + 2 • 

2x± 1_2_ 1 

AT 2 — A? + 1 A?—1 (a: — l) 2 

16a? . x 

* 3(**+4)' t '3(**+l) * 

] # ^ 

IT r+? " (T+^p " (T+7? • 


_ 3 ^ 

2(1 + *) 

2 _ 

3*+* 2 • 
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^ % Exercise XIII. 

1 . 19, 49, 2n 4-3. 2. — 73, — 1 45, 3 1 — 4r. 

3. 9ih, i3th, ;/ h, (2> 2)th. 4 27.69,6 />—3. 

f— I c 1 o L 1 1 _1_ 


3 • 2 I ^ ^ ^ 

7. 4th. 

9. (*) 306; 

(z'v) 225 ; 

(vm) ; 


■ . 6 . — 84 $. 

8 . 1 1, 76, 5m — 9. 

(ii) 2265 ; (in') 2024 ; 

(v) 0; (vi) -2138.5; 


(viii) 


3 ^// — n z 
24 


(ix) 


n(n — 1) 


(m) 


( X n - 1 

U) 2 • 

,. .. n“-» + 2 

(nt) ^ 

11. (0 1830; 

12. 204. 

(if) 23 ; 

1 6 . x9. 

19. 9,4. 

22 . («) 


n 

2(1-x) 


10. (i) -500; (ill — 5 II 8 + 135 V 3) 

; (tv) 2325 ; (v) 432} . 

(it) 2025; (tit) >t(x + l). 

13. '±± c . 2c ± b ~ 3 ‘ l . 14 (,) 16; 

2 b — a 

(:III) 9 or 19 15. 43. 

17. 810. 18. ;*(2//-29). 

20 . a + b,2a. 21 . »(2/i - 1) 

- {24-(/i-3)V*> ; (*<) 15(a“- 12./.r fr) ; 


(hi) 


n r "4- 1 , 
« + 6 2 6 


(iv) 


5n — 1 


(v) iU 2 -2jcy-3y 2 4 3jf4-y). 23. 9. 

24. Rs. 110, Rs. 2070. 25. 16. 

Exercise XIV. 

1. 7, 10, 13, 16, 19, 22. 2. 19,17,15. ,-3. 

3. m 2 — m + 1, »t z — 2»t + 2, «t 2 — 3m+ 3. m. 

4. (5a-7b) + 2f±Y~ , (5a~ 76)+4y^f - (5«-7&) + 

6f±f..:.(5«-76) + 2rf±f . 

6 . 26 . 9 °‘ 
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Exercise XV 


1. 

4. 

13 

17. 

20 . 


1, 3, 5. 2. 

1, 2, 3,4. 5. 
9 : 23. 14. 

hn{n z -\- 1). 

7, 6. 34. 


7, 11, 15. 
4, 6, 8, 10. 
- 11 : 8 . 

- 20 . 


3. 
1 1. 
15. 
18. 
35. 


7, 9, 11, 13. 

9f. 12. 

23 : 17 ; 37 

/* 3 + (/z — l) 3 . 

#/i(«—1). 


429 

23. 


Exercise XVI 


1. 

4. 

7. 

10. 

( iv ) 


2 . 


2 . 


7 


1 


3. £ 
5. 


12 8 
y * 3J 1 5 T • 


1, 16. 6. 9th. 


105460 _ 2048 

T 77iT 7 > 1771*7 


256 ’ ( - 2)' 1 " *' 

6th. 8. 729, 1093. 9. 

V.Vi 2 - 11. (*) 63 ; la) VSW'; («*')" 

10 | 82 (1- \/3) (t>«) 1 + V2 


31 + 15 t/2 ; (v) 
\/ 2 vn -‘ 


V 2 


1+ v^2 
{via) 

(x) 


(vii) i(2+ V'2){l-(V2-l) n > ; 




| ( = <W r I | 


(a-b)"-* 


.2 P 


P P> 


2r -l 


£V±_L. 


+£<7 


(a:/) 




+ 


12 . 


(f) 
M 

(ix) 

(xii)^ 


tnp 

2 


¥ » 


1 iri pq~ 1 # v 7 «~ 1 

(£ +1) ; (*/t), at« 2 +1 — ( — $) n >. 

(a) H ; (m) i 4 6 ; (tv) t; 

(vi) 1728 ; (viV) 6f ; (viit) 4^ ; 

1 


v 3 
2 ’’ 

-*(5 + 3 V3) ; („r) 

a x + 6 


u») 


1 7 . 

17 , 




1+3 a ’ 

13. (f) A(126+127 V2 ); 

5. 


A--1 

(it) «s; ; (m) IS ; M 

14. (t) ; («) -g^o ; (ttt) 

17. 2 + 6+18 + 54 +. 18. 

1 - L1J -* + . 


19. 

1. 

3. 


116 1 
4 9 5 • 
*■ 1 
3* 


15. 


2 

7 


16. 6. 


Exercise XVII 

±27, 18, ±12, 8, ±5h 2. V, 2, f, 1. 


+§, yi. ± 1 , vi, ±f. 

il§» lot*. 7. 16, 4. 


5 > T» 

2 - 7 -tt, w 


4 -9, *, 

8. f. 
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Exercise XV 111 

1. (,) 3-/i(/i + 1) + 1(3" — 1) ; Vi) n(x+ 2) + 2(2 n — 1) 

4 - 2 (.) r: do--; 


(*«) r;do n -D- 


4// 


(m) 


1 


(tv) 2(/t—1)+ ? ix~i . 


3. 

4. 3, 15, 75. 5. 4, 8, 16. 6. 
8. 2h, 5, 10. 9. 1, 3, 5, 7. 10. 

b~ — C.C i z: 3 23 


13, a + c-26’ 

25. 3* ft. 


1. 

5. 

8 . 

10 . 

12 . 

15. 


16. 


7,1 _ 7,1 M — 1 1 • 

9 81 u 10" ' ’ 

5, 15, 45. 

2, 5, 8. 7. 2, 3, 4 

1, 2, 4, 8. 

[y — x " 

* 


4. 


2 . 


3 

ITi 

1 _1 11 
U» l :F> I 5 > l 5 > 

4 


Exercise XIX 

3. 24. 4. 

•jV 6. 




lrt 8 1 « 

lui i 7) 

7 _ 3 
• B'i» 


9. 


3 

1 <*• 


7-3« # 

A + 4 + A +* + » + * + * + * + ♦• 

— 1. 13. and r“ 5 - 14. 8, 72. 

12,3. in " 


11. 6,4 


16. 


1. 


5. 


8 . 


9. 


10 


13. 


1 3° * 

to 

• 

Ml CO 

G>* 

• 

5 6 

1 u • 

(ii — 1)2” 4-1. 


in 4- n 

Exercise XX 

3. 


1 3 
4 9 


A 1 ^ 

4. 4 2“ _1 


35 _ 12;/ 4- 7 
16 16.5 n_1 


35 

16 


1 , 3.41-/- 1 ) (3m-2)*" . 

(l-*) 2 1 — x • 

2* 2 (l-* 2n-2 > (2«- l)* 2 " 



1 


1 +x : 


~2 4- 


1 —* 

1 4- * 4- *' 


( 1-x 2 ) 2 1-^ 

2 • 14-6*4-* 2 


(l 4-*) 2 


11 . 


( 1 -*) 


’ (i-^r* 

12 . 14. 


n , Jg(l — a:" ) 

14 -* + (1 ” x ) 2 * 


14 (T-rXl-arV 
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; 


(a - x)(a —x 2 )' 

Exercise XXI 

1. §/*(«-M)(2«+l). 2. -Jit(4// 2 — 1). 3. p 2 (2p 2 — l). 

4. (i) \n(n+ l)(n + 2) ; (*t) //(3/r + 6« +1) ; 

(Hi) y(4/* 2 4-18/t4-23) ; (iv) y (n 2 + \2n + 29) ; * 

(v) m(2/* 3 + 8w a + 7/t — 2) ; (vt) -y (l6/* 2 + 12/t — 1); 

(v/'i) jy («+ l)(/*4-2)(3/t4-5) ; ' 

(viii) “■(/! + l)(3/r+19«4-32). * ■ 

0 

5. (t) (2u 2 4-9/t 4-13). (*7) y(/r — 7). 

y (/t4-2)(2«—1) ; (tv) y/t 2 (/t+l) 2 4-2/t ; 

(v) 2;t4-1 4-/t(«4-l)(2/t +1) — 2 ; (w) -y (;t + l) 2 (/t 4-2). 
7. f(n 4-1)(« 4- 2). 8. x y(/t 4- l) 2 (/t 4- 2). 

9. 4-/t(// — 1 )ad-\- ~zr(n — l)(2n — l)d 2 . 

D 


1. 

4. 

7. 

11 . 


ft 
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Miscellaneous Questions II 

(n 4-139). 2 16. 3. 3, 5, 7, 9. 


(n 2 -2±;t v/,, 2 - 4 ) : 2 5. 9HJ- 6. 
10 . 


60 


M- 12. 7. 


(it) 


1 


1+x 


4- 


16 — ti 

„ 8. 8,5. 9. iV(«4- l)(2/x 2 4-«4-3). 

13. (0 - (2n 2 4-3/t4-5) ; 

o 

Y; (m) -«(2«4-l). 


14-a: 


14 

18 




(« + l)(n + 2). 


16. -|(»-1)(2»-1). 17. 7. 


1.3. 5,7, 9. 19. (*) y(» + l)(3* a +19/» + 37). 
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(/7) ~ (« + l)(»i+2X3» + l). 22. (-l) n ‘(4/t 3 - 


3/t) 


28. 


32. 

34. 


a n - 1 6"-l 

a-l * 6 - 1 


1 

n— i 


31. 


l 

l +»* 


nil 


1 [ _ 1 __L_ l 33 

=7i)(l+n n + 1 1+" f' 


1 +2/i 
1 

14-;/* 


x 

r - .v 


Exercise XXII 


6435 

, rV, 4900. 

3. («) 6. (if) 8. 

(tit) 31 

(v) 

5. (vi) 

8 5 . 20. 6. 

60. 

8 

16 _. 

9. 1 §_. 

10. 1 6_, 

11 . 

360, 12. 

12 . 840. 13. 

1099. 1 

15. 

151200. 

16 1 _5_. 17 

(/) 720 

18. 

1440. 

19 (r - 2) r -1 

20. I 


1 I 

*3*47T* WTiTTSTT* 

1. (<v) 9, 


7. 


10 . 


(**') +320 


(,) 7_. (««) (*»») 2 I 7 . (fv) 0 °-- 

M 50 l.6_. (v») 12 I 6_- 21 5 . 22. 4 I 8__. 

|5 ] 6 . 24. 96,24. 25. 13699. 

7 4 . 27. I 5 0 4 ) 3 (i 3 Y. 


23. I 5 1 6 , 24. 9( 

26. 7 4 . 27. I. 

28. U) ‘■720, (») 240. 


Exercise XXIII 


i 2 r 


1. 20, 3003, 816, 48, . 2. (»)- 13 ;^(u) 7 ; 

(»*i) 6; Uv) 39; M 8 : (Vi) 8 .■ 

7 30. 264 ’ 2°8 3 . 49 W»-lK"-2)“ 9.' 

i§ : So 105 I if (,rk ( 12) ?0. 14 1 ' W W 

( ti ) 364. 15. (») 144. (ii) 806. 

l'»~ r 17. («) 84. (if) 126. 

In — 2 r — 2 


16 . 
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18. 378,000. 

21. 84. 

25. 27720. 


19. 

23. 


11520. 

[90 

I 50 (40 


20 . 

24. 


56, 21. ~ 

±21 

( 17 y ■ 


i. 

5 

9 

12 . 
1 5. 
22 

26. 


Exercise XXIV 


180. 

2. 

43,243,200. 

3. 

a 2 . 

4. 

7 3 . 

127. 

6. 

1727. 

7. 

779. 

8 

103680. 

6300. 


10. 14400. 


11 . 

30240. 


7560. 


13. 105. 


14. 

5936. 


728. 


18. 4 f> . 

19. 

1490. 

21. 

35. 

44 C5. 

•» 


23 . 26, 136. 


24. 255. 25. 

5039. 


, 990_ 

50 ( 9+0 * 


27. 18. 


28. (2 , “-l);2 6 -l)(2 5 -l). 


30. 35. 31. 2002. 33. 

36. 78. 37. 15. 


2 n — p — q 
n— p n —q 



38 11280. 


35. 432. 
39. ( I 4 ) 13 . 


1. («) 
(iVI 

Uii) 

(iv) 

(X’) 
(»«) 

(vit) 


Exercise XXV 

-r 5 +1 0* 4 « + 40* V + 8')*V + 80*+ + 32 a 5 . 

1 - 7* + 21 * 2 - 3 5* '■+ 35*’ - 21 * 5 + 6 ./’ - * 7 . 

*° + 6* 4 +15* 2 + 20 + + - 4 + - s . 

* * x b 


32 

243 





15,135, 243 
* 8*' 32* s ’ 


1 - 18* 2 + 13 5*' - 540* 6 +1215* s - 1458* 10 + 729* 12 
*" + 14*% + 84*V + 280* 5 y 3 + 560*V + 

672 -^- + 4t8 J ’, + 128- 5 7 . 

-T X x' 

(I 2 — 4a ~ b “ 4- 6a/.> - 4a z b “4 ~b 2 4 


2l87a 7 +170la 1i + 567a 3 +U)5a+~ + ~+—? r - s 

3 a 9a 243 a 


+ 


1 


2187a 7 


(*r) 


224 ,448 

a: 4 a: 8 


512 , 
■+* 


256 

256 

16 


X 

8 


12 


8 


+ — —14* 4 + 70 
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2. (f) 82. (<i) 3/S.v 4* 63a*' 4- 1 26a* 3 4* 2a* . 

(iii) 32a* 5 — 40a* j «0 4* 0a*c7 *. 3. 


1 


5 V 

9 


5. 


1771 

10 


i 


p 


13 


1088640 ~ . 

A*~ 

1820 s 

6 sT x - 


7 _ L 14 _ .7 7 R 567 .V 5 . 567 V3 AT 4 

" % / | 3* • s\ . / s\ 4* i _5 


2 y2 


9. 


13.12 12 


a' l a 

10 . 2\0a h 'b G . 11. 8 ; no term contain- 

12. ^ 16. 7. 19 (I+2) 7 . 


ing a; . 

23. 6 . 

Exercise XXVI. 

1 . (0 3rd; (it) 8th; (Hi) 22nd ; (tv) 5th and 6th 

2. (0 ih; 0*0 4860; (m) 56229888; 3. r+l. 

, I 2// 

4. (— l)'- 1 


^2n -2r-t-2 . 


r - 1 2u — r 4- 1 


1 

u 

1 

| r — 1 | 2 ■ 

5. (0 

2 12 — 1 ; 

6. (i4 

;»2 n —1 ; 


.2r 


2 // 


2 -;(-n, „ y. 


(it) (n + 2)2 


n - 1 


(0v) 


(tv) 


(v/) 

7 

8 . 


2/t 


— 2 /! 4- 2 
I 2/t 


(«■») 2 19 — 1 ; («V«) 2(2 21 -16. 

L^ n 

ii — 1 it 4- 1 . 

I 2#/ 

it — 3 // 4- 3 


(v) 


(viV) 


;/(/i 4- 1) 


b 

y i io 


9. 


1 

2 


n — /* |#i 4-_r 

1 +8.t- + 20x' + 3.r 3 -26A? 4 -8Ar 5 + 207C°-y^ + ^ 1 . 

1 4-5x4- 15x 2 4- 3 Oa: 3 4-4 5x 4 4- 5lx s 4-45x 4-30 a#4-15x 

4- 5x 4- x 

2 n C 2 4-6 n C 3 4-4 n C* 4- n C 5 . 

Exercise XXVII. 

1 4- 6* 4- 24at 2 4- 80 at 1 4- 24 Ox 4 4- ... 

- I 2 2 6 3 _ 

1_ 5 V- 25' * ~\Ts x 
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6 . 


/. 


8 . 


9 

10 


12. 

13. 


14 


15. 


19. 


21 . 


1+ * + T* 2 -54* 3 + . 

I — * a+H «_14 4 _ 7 
3 9 81 243 

l+iL + 2_ ^1+5 , 

« 2 • a 2 + 2 • a 3 + "" 

(3„) f |i-^ 3A?1- l. x <_L 

4 - 9 a 81 a 2 2187 a 3 "J’ 2a • 

« + 8a^ 40aV , 160aV , 560aV . „ 3a 

8t + 243 + 729 + 2I8T + ~656T + . : * T 

3] 1+-1- *1+ ?. **. H ^ 35 * 8 . 

L 3 a 3 + 9 a 6 + 81 a 9 + 243 a 12 + 

? -4-7. (3r-2)r x*V 

3 r -' 

-945a- 2 V : -SOeiSa- 30 * 5 . 

1.3.9. . ,l4r — 3 ) r ,4 7.9.11...(2r + 5) r 

4 r lr_ *■ 11 YJ~ *• 

- 1 848a: 13 . 

15X 17 98 _ 10 15.17.19.21.23 .v-i 

5 x ; -t* c — a u x it 

1 2 5 I 5___ 

• r2r+63 5r-B5 

15.17.19. . . (2r + ll la 5 .* - 1 

2 r ~‘ I r-J. 

(«4- l)(2n+ l )(3« + l)...(»r —2«4-l) ^ 

« r "‘ ,'r -J " 2:1 

• » < 

* 16. Jf. 17. 13th. 18. 21 34 9 |Y ~- 

“ *VV* 4 . 20. - l^r 3 . 

22. 5th. 23. 19.24.4. 

+ - 26., i(3n 3 + n 2 + 12« + 4). 
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27 **(*/+ 1)(;/ + 2). .An : 4- r — 11 r 

* I »v • 

r 

28 ( _ I ,r3//(3//-4-1 )(3//+ 2). . 3//-W—1) r 

r 

31. 5th ; 4-rt’ 32. 5th ; 4-f<?. 33. 12th ; — ve. 

34 All terms positive. 


Exercise XXVIII 


1. 

i - y.v. 

2. 

1 -ff.v. 

3. 

(WV)°- 

4. 

X. 

5. 

1 “ iVn x . 

6. 

i + tViV-v. 

7. 

1.99778. 

8. 

7.0068. 

9. 

5.03968. 

10 

1.97438. 

1 1. 

00795. 

12 

1.1705. 

15. 

32. 16. 

(*)*. 

17. 

(*)*. 

18. V 3. 

19. 

4*. 20. 

1 ( 4 8 

)”. 21. 

5 v 2 

7 

22. 2 4 . 

23 

27. 

2 v / 2. 

^{(-2) r + l - 

-1}. 

26. 

28. 

i<(- i) r - 

i+r-i) n 

1 “ 3 >. 

• 


M iscellaneous Questions III. 


1. 

5 0 7 O 

15 • 

u. 

5 

f 1 ■£) 

7. 

5.9.13.17.21.25.29.33, lsVS 

1 g v i C / • 

10. 

3.002. 

11. 

1. 13. 

10.0332. 

14. 

1.059. 

15 

V :}• 1 6. 

3003. 

17. 

5 n 4- 1 . 

18 . 

a = 3, 6=1. 

21. 

0. 

22. (V 

23. 

19 4- 18r-r 2 . 






8 . 


1 
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10. (-l) r 


11 


+ r- 1 


i 2 n 


it 


-1 |._r_ Ml ‘ 


12. 5.01298. 


13. 0, jy«- If 1,3, 5, 7. 16. (?) 0, 
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APPENDIX 

Zero and Infinity. 


1. T xt’O meanings of zero. 

The usual conception of zero is that of total absence 
of magnitude. It is the result of subtracting from a num¬ 
ber, another numoer equal to the former one. Thus the 
operational definition of zero is given by the equation 

a — a = 0, 

where a may have any vaule whatever. 

This zero is called Absolute zero, as distinguished 
from the zero defined otherwise in the manner explained 

below. 

2. Consider a finite number, unity say, to be divided 
by a million. The result is a very small number. Haise this 
very small number to the millionth power. 1 he result 
is a much smaller number. If this result is again raised to 
a millionth power, the result is still much smaller, and more 
nearly equal to zero. If this process is continued, the 
successive results approch nearer and nearer to absolute 
zero, though they never attain that value zero. 

This is the case of a variable quantity undergoing end¬ 
less decrease, and approaching the value zero. 

This zero may be conceived as a number which is 

smaller than any assignable fraction of unity. 


3. Again, let us consider the relations 
{a T x) — a — x 

^ If we cause Uie’x to become smaller and smaller HU 
it finally approachs a and, therefore, if we take x to be a 
quantity which is less than any assignable quantity however 

small the above equations give 

n. — a. = TO 


a ~ a = — 0. 

The property +0 = —0 is 


by no quantity 


other than zero. . . that 

So we see that the new meaning given to zero si that 

of a quantity which is smaller than any assignable quantity. 
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4. Meaning of Infinity : 

Infinity may be defined as a quantity which is Jarger 
than any assignable quantity, however great. 

It is not possible to think of the greatest possible num¬ 
ber. Any number, however large we may conceive it, will 
be still less than infinity. / 

Infinity should not be taken to be like an ordinary 
number to which the fundamental laws of Algebra are 
applicable. 

The statement x= oo does not mean that x gets a value 
co, but it means that x undergoes a process of endless in¬ 
crease or that x approaches oo. 

Note. Any quantity which is neither infinitely large, nor 
infinitely small is called a Finite quantity. 

5. Properties of zero and Infinity . 

Properties of Zero Properties of Infinity 

(i) Addition of zero 1 

0 + 0 = 0 ; a + 0 = a co -+ 0 = oo 

( ii) ^ Subtraction of zero 

0 — 0 = 0 ; a-0=a. co —0= co 

(Hi) Multiplication by 0 

0X0 = 0 ; ox0=0. oo X 0 Indeterminate 

(See Art 4.) 

(iv) Division by 0 

0-i"0 Indeterminate 

0-s-tf = 0. co -i-0 = co 

(v) Division of zero 

0-i-0 Indeterminate ; 

0 + a = 0. 0-r- oo = 0. 

(vi) Addition of Infinity 

0 + oo = oo ; a + oo = co 00 + 00 = 00 

(vii) Subtraction of Infinity 

0 — 00 = — 00 ; 

ci — co = — 00 00 — 00 Indeterminate 

(viii) Multiplication by Infinity 
0 x 00 Indeterminate ; 

a-r- 00 =0. 00 -r 00 Indeterminate 

(ix) Division by Infinity 

0 -t-oo =0 ; a-s-oo=0. 


co -s- 00 Indeterminate 
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(.r) Division of Infinity 

°o~^0=oo; oo-ha=°o ; oo-J-oo InJeterminate 

The signs of equality in the above statements involv¬ 
ing oo, should be taken by mean ‘approaches’ and not 
‘is actually equal to’. 

Note. It should bj olearlv realised that division by Zero is not 
permissible under the laws of Algebra ; and, therefore, we oannot 
remove zero from tbe two sides of an equality, for, then, if 

x 2 -.x 2 = x(x-x) 

or (,\* + .v)(.r — x) = x(x — x) 

or .v-Kv = ;vi, removing the factor x — x which 

is zero. 

We get 2 = 1, which is absurd. 


6. 1 ndeterminat c Form. Whenever a fraction 

assumes the form i.e. 9 when the numerator and the de¬ 
nominator become zero simultaneously, we get a fraction 
whose value is indeterminate and this value cannot be 
found by the ordinary rules of Algebra. 

The examples of indeterminate forms are 


when x=\ y 


x — 1 
x — 1 

A formal discussion of 
scope of this book. 


~h 5,r + 6 


when x — 2. 


x T 2 

these forms is beyond 


the 


